ASYMPTOTIC EXPANSION OF POLYANALYTIC BERGMAN KERNELS 



ANTTI HAIMI AND HAAKAN HEDENMALM 

Abstract. We consider the g-analytic functions on a given planar domain Q, square integrable 
with respect to a weight. This gives us a q-analytic Bergman kernel, which we use to extend the 
Bergman metric to this context. We recall that / is (j-analytic if 5lf = for the given positive 
integer q. 

We also obtain asymptotic formulae for the ij-analytic Bergman kernel in the setting of de- 
generating power weights e"^'"'^, as the positive real parameter m tends to infinity. This is only 
known for q = 1 in view of the work of Tian, Yau, Zelditch, and Catlin. We remark here that since 
a g-analytic fimction may be identified with a vector-valued holomorphic function, the Bergman 
space of ij-analytic functions may be tmderstood as a vector-valued holomorphic Bergman space 
supplied with a certain singular local metric on the vectors. Finally, we apply the obtained 
asymptotics for ij = 2 to the bianalytic Bergman metrics, and after suitable blow-up, the result is 
independent of Q for a wide class of potentials Q. We interpret this as an instance of geometric 
imiversaUty. 



1. Overview 

In Section |2l we define, in the one-variable context, the weighted Bergman spaces and 
their polyanalytic extensions, and in Section |3l we consider the various possible ramifications 
for Bergman metrics. It should be remarked that the polyanalytic Bergman spaces can be 
understood as vector-valued (analytic) Bergman spaces with singular local inner product 
matrix. 

Generally speaking, Bergman kernels are difficult to obtain in explicit form. However, it 
is sometimes possible to obtain an asymptotic expansion for them, for instance as the weight 
degenerates in a power fashion. In Sections |5H9l we extend the asymptotic expansion to 
the polyanalytic context. Our analysis is based on the microlocal PDE approach of Berman, 
Bemdtsson, Sjostrand [8 j. We focus mainly on the biholomorphic (bianalytic) case, and obtain 
the explicit form of the first few terms of the expansion. In SectionlH we estimate the norm of 
point evaluations on bianalytic Bergman spaces, which is later needed to estimate the bianalytic 
Bergman kernel along the diagonal. 

Finally, in Section[lOl we apply the obtained asymptotics for q - 2to the bianalytic Bergman 
metrics introduced in Section |3l and after suitable blow-up, the resulting metrics turn out to 
be independent of the given potential (which defines the power weight). We interpret this as 
an instance of geometric imiversality 

2. Weighted polyanalytic Bergman spaces and kernels 

2.1. Basic notation. We let C denote the complex plane and ]R the real line. For zq £ C and 
positive real r, let D(zo, r) be the open disk centered at Zq with radius r; moreover, we let T(zo, r) 
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be the boundary of D(zo, r) (which is a circle). When zq = and r = 1, we simplify the notation 
to D := D(0, 1) and T := T(0, 1). We let 

denote the normalized Laplacian and the area element, respectively. Here, z = x + iy is the 
standard decomposition into real and imaginary parts. The complex differentiation operators 



11 \ 



dyl' ' 2\dx dyj 

will be useful. It is well-known that A - d^d^. 

2.2. The weighted Bergman spaces arid kernels. Let Q be a domain in C, and let o) : Q ^ 1R+ 
be a continuous function (oj is frequently called a iveight). Here, we write 1R+ :=]0, +oo[ for the 
positive half-axis. The space L^(Q, co) is the weighted L^-space on Q with finite norm 

(2.2.1) ||/||^.(,,^^^)-£|/(z)|2a;(z)dA(z), 
and associated sesquilinear inner product 

(2.2.2) {f,g)LHaa,)-= [ /(z)i(i)a;(z)dA(z). 

The corresponding weighted Bergman space A^(0, oj) is the linear subspace of L^(0, o)) consisting 
of functions holomorphic in Q, supplied with the inner product structure of L^(Q, co). Given 
the assumptions on the weight co, it is easy to check that point evaluations are locally uni- 
formly bounded on A^(Q, w), and, therefore, A^(0, w) is a norm-closed subspace of L^(Q, w). 
As L?-{Cl,co) is separable, so is A^{Cl,co), and we may find a countable orthonormal basis 
(pi,(p2,(p3, ■ ■ ■ in A^(0,ct)). We then form the function K = Xq „ - called the weighted Bergman 
kernel - given by 

(2.2.3) K{z, w) := (pj{z)^j{w), (z, w) e Q x Q, 

and observe that for fixed w e Q, the function K{-, w) e A^(0, co) has the reproducing property 

(2.2.4) m = {f,K{;W))Lm.a,)' ^^e"- 

Here, it is assumed that / e A^(Q, a;). In fact, the weighted Bergman kernel K is uniquely 
determined by these two properties, which means that K - initially defined by | |2. 2.31 1 in terms 
of an orthonormal basis - actually is independent of the choice of basis. Note that above, we 
implicitly assumed that A^(Q, oS) is infinite-dimensional, which need not generally be the case. 
If it is finite-dimensional, the corresponding sums would range over a finite set of indices ] 
instead. 

2.3. The weighted polyanalytic Bergman spaces and kernels. Given an integer q = 1,1,3, .. ., 
a continuous function / : Q — > C is said to be q-analytic (or q-holomorphic) in Q if it solves the 
partial differential equation 

dlfiz) = 0, zed, 

in the sense of distribution theory. So the 1-analytic functions are just the ordinary holomorphic 
functions. A function / is said to be polyanalytic if it is (^-analytic for some q; then the number 
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cj — lis said to be the polyanalytic degree of /. By solving the (9-equation repeatedly, it is easy to 
see that / is (j-holomorphic if and only if it can be expressed in the form 

(2.3.1) /(z) = /i(z) + z/2(z) + • ■ • + z'-i/^Cz), 

where each fj is holomorphic in Q, for j = 1, . . . ,q. So the dependence on z is pol5momial of 
degree at most q -1. We observe quickly that the vector-valued holomorphic function 

V[/](z) := (/i(z),/2(z),...,/,(z)), 

is in a one-to-one relation with the (j-analytic function /. We will think of V[/](z) as a column 
vector. In a way, this means that we may think of a polyanalytic function as a vector-valued 
holomorphic f imction supplied with the additional structure of scalar point evaluations C ^ C 
given by 

(/l(2) J2(Z) MZ)) ^ /l(z) + Z/2(Z) + ■ ■ • + Z''-V,(Z). 

We associate to / not only the vector-valued holomorphic function V[/] but also the function 
of two complex variables 

(2.3.2) E[/](z, z') = /i(z) + z'/2(z) + • ■ • + (zy-'Mz), 

which we call the extension of /. The function E[/](z, z') is holomorphic in (z, z') e Q x C, with 
polynomial dependence on z'. To recover the function /, we just restrict to the diagonal: 

(2.3.3) E[/](z,z) = /(z), zeQ. 
We observe here for the moment that 

(2.3.4) |/(z)|2 = V[/](z)*A(z)V[/](z), 

where the asterisk indicates the adjoint, and A(z) is the singular q x q matrix 

' 1 ••• z^-i 

(2.3.5) A(z)= : ■.. : 

Z?-! . . . z^-lz?-!^ 

For some general background material on polyanalytic functions, we refer to the book f6l. 

As before, we let the weight a; : Q — > ]R+ be continuous, and define PA^(Q, co) to be the 
linear subspace of L^(Q, co) consisting of tj-analytic functions in Q. Then PAj(Q, co) = A^(Q, co), 
the usual weighted Bergman we encoimtered in Subsection 12.21 For general q = 1,2,3, .. ., it 
is not difficult to show that point evaluations are locally uniformly bounded on PA^(Q, co), 
and therefore, PA^(0, co) is a norm-closed subspace of L^(Q, a;). We will refer to PA^(Q, co) as a 
weighted q-analytic Bergman space, or as a weighted polyanalytic Bergman space of degree q -\. In 
view of l|2.3.4t and (|2.3.5t , we may view PA^(Q, «) as a space of vector-valued holomorphic 
functions on O, supplied with the singular matrix-valued weight co{z)A{z). 

If we let (pi,(p2,(p3, ■ ■ ■ be an orthonormal basis for PA^(Q, w), we can form the weighted 
polyanalytic Bergman kernel Kq = -K,j,£},aj given by 

(2.3.6) X,(z, w):='^ (pj{z)(pj{iv), (z, iv)e0.x Q. 



=1 



As was the case with the weighted Bergman kernel, is independent of the choice of basis (pj, 
;■ = 1, 2, 3, . . ., and has the reproducing property 

(2.3.7) f{w) = </,X,(-,i(;)>i2(o,„), e Q, 
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for all / e PA^(Q, co). Alongside with the kernel K^, we should also be interested in its lift 

(2.3.8) E»2[K<,]{z,z';w,w') := ^ E[(j)j]{z,z')'E[cl)j]{w,iv'), {z,z' ,w,w') eOxCxOxC. 

The lifted kernel Eg,2[Kj] is also independent of the choice of basis, just like the kernel X,j itself. 
If PA^(Q, (x>) would happen to be finite-dimensional, the above sums defining kernels should 
be replaced by sums ranging over a finite set of indices 

2.4. The polyanalytic Bergman space in the model case of the unit disk with constant weight. 

For q = 1,2,3, .. ., we consider the spaces PA^(D) := PA^(D, n~^) where the domain is the unit 
disk D and the weight is a){z) = 1/n. The corresponding reproducing kernel was obtained 
Koshelev 122: 

(2.4.1) K,iz,.)=,yi-i)i ^ y^-;](izi!f)!±i^. 

^ ' ' \i + V\ I a-zw)'j^i-^ 

Its diagonal restriction is given by 

(2.4.2) ^.(^^^)-(T^- 
Based on l|2.4.1|l , the lift is is then easily calculated, 

v^^ / Q \Iq + A (1 - zv'z')'f-i-\z - w'Viz' - wV 

(2.4.3) E«.[K,](z,z';.,.') = ^Y^i-^)% I ,f ^ J \,_l^)J^ 

so that 

9-1 



3. Musings on polyanalytic Bergman metrics 

3.1. Bergman's first metric. Stefan Bergman [5] considered the Bergman kernel for the weight 
(jo{z) = 1 only. He also introduced the so-called Bergman metric in two different ways. We will 
now discuss the ramifications of Bergman's ideas in the presence of a non-trivial weight co. 
We interpret the introduction of the weight co as equipping the domain Q with the isothermal 
Riemannian metric and associated two-dimensional volume form 

(3.1.1) ds„(z)2 := a)(z)|dz|2, dA„(z) a)(z)dA(z). 
Bergman's first metric on O is then given by 

(3.1.2) ds®(z)2 - K(z,z)ds„(z)2 = K(z,z)a;(z)|dzp, 



where K - is the weighted Bergman kernel given by l|2.2.3t . 
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3.2. Bergman's second metric. The second metric is related to the Gaussian curvature. The 
curvature form for the original metric | |3.1.1t is (up to a positive constant factor) given by 

(3.2.1) K:=-Aloga){z)dA{z), 

The curvature form for Bergman's first metric | |3.1.2t is similarly 

(3.2.2) X® := -A log[K{z, z)co{z)]dA{z) = -[A logX(z,z) + A log a;(z)]dA(z), 
and we are led to propose the difference 

(3.2.3) K-K® ^{A log K{z, z))dA(z), 

as the two-dimensional volume form of a metric, Bergman's second metric: 

(3.2.4) dsS(z)2:=zllogX(z,z)|dzp. 

We should remark that unless K{z, z) = 0, the function z i-^ log K{z, z) is subharmonic in Q. 
This is easily seen from the identity 

+ 00 

(3.2.5) K{z,z) = Y^\cPj{z)\\ 

so A log K{z, z) > holds throughout Q. This means that we can expect (|3.2.4t to define 
a Riemannian metric in Q except in very degenerate situations. Bergman's second metric 
appears to be the more popular metric the several complex variables setting (see, e.g.. Chapter 
3 of ITSl ). In the case of the unit disk O = D and the constant weight co{z) = l/{2n), we find 
that 

K{z,zv)= 

(1 - zwy 

so that 

3, 2 2|dzp ^ 2 2|dz|2 



(1-|Z|2)2 (1-|Z|2)2' 

which apparently coincide. This means that the first and second Bergman metrics are the same 
in this model case (the reason is that the curvature of the first Bergman metric equals —1). 

3.3. The first polyanalytic Bergman metric. We continue the setting of the preceding subsec- 
tion. Following in the footsteps of Bergman (see Subsection |3.1t , we would like to introduce 
polyanalytic analogues of Bergman's first and second metrics, respectively. Let us first discuss 
a property of the weighted Bergman kernel K = Ki (with q = 1). The function K{z,w) on Q x Q 
is uniquely determined by its diagonal restriction K{z,z). This is so because because the diagonal 
z = w is a set of uniqueness for functions holomorphic in (z, w). So, if we fix the weight co, the 
first and second Bergman metrics both retain all essential properties of the kernel K{z, w) itself. 
The same can not be said for the weighted (^-analytic Bergman kernel To remedy this, we 
consider the double-diagonal restriction z - w and z' - w' in the lifted kernel Eg2[J*^q] instead: 

(3.3.1) E«2[X,](z,z';z,z') = 2]^|E[(/)^](z,z')|2, (z,z')eQxC. 

If we know just the restriction to the double diagonal z = w and z' = w' of E»2[^i^^] we are able 
to recover the full kernel lifted kernel Egi2[i^(|]. If we put z' = z + e, where e e C, we may expand 
the extension of c^j in a finite Taylor series: 

(3.3.2) E[(/);](z, z + e) = Yj ^^l^^ji^)'^- 

k=0 
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As we insert | |3.3.2t into | |3.3.1t , the result is 

ci-l 

(3.3.3) E«2[K,](z,z + e;z,z + e)=Y, ^ Yj 5'^^)^'^^^)' (^'^) eClxC. 



k\{k'y. 

k,k'=0 /=1 



So, to generalize the first Bergman metric we consider the family of (possibly degenerate) 
metrics 

(3.3.4) ds®„,,(z)2 := E«2[X,](z,z + e;z,z + e)cv{z)\dz\^ = ^ Y 3'Mz)d'^^i{z)cv{z)\dz\^ 

indexed by e e C. We observe that in | |3.3.4t we may think of (e", . . . , e'^~^) as a general vector 
in C, by forgetting about the interpretation of the superscript as a power, and | |3.3.4| | still 
defines a (possibly degenerate) metric indexed by the C-vector (e", . . . , e'^~^); this should have 
an interpretation in terms of jet manifolds. In other words, the qxq matrix 

E»2[^^fl](z, z; z, z) • • ■ T— 



(3.3.5) co{z) 



1 



-dl, "^E«2[i<Cq](z,z';z,z')| • • ■ Trrm:;:Av3l' ^^l' ^E®2[^^fl](z,z';z,z')| 



which depends on z e Q, is positive semi-definite. 

3.4. The second polyanalytic Bergman metric. We turn to Bergman's second metric. The 
function 

(3.4.1) L,(z,z') := logE«2[-K,](z,z';z,z') 

is basic to the analysis, where the expression on the right-hand side is as in | |3.3.1t . We think of 
(z, z') as holomorphic coordinates, and form the corresponding Bergman metric: 

<9z5zL,(z,z')|dz|2 + <9,,9,,L,(z,z')dzdz' + 5,,5,,L,(z,z')dzdz' + ^,,<9,.L,(z,z')|dzf 

Next, we write z' = z + e, so that dz' = dz + de; to simplify as much as possible, we restrict to 
de = 0, so that dz' = dz. Then the above metric becomes 

{A, + A,,)L^{z,z')\dz\^ + 2Reld,d,,L^{z,z'){dzf], 

which after full implementation of the coordinate change becomes 



z'=:z+e 



(3.4.2) ds®„,,(z)2 := {A, + A,,)L^{z,z')\dz\^ + 2Re[^z<?z'L,,(z,z')(dz)2] 

= {A, + 2A, - d,de - dA)[Lq{z,z + e)]|dz|2 + 2Re {{d,d, - dl)[L^{z,z + e)]{dzf]. 

This gives us a metric parametrized by e, for e close to 0, which we may think of as Bergman's 
second polyanalytic metric. This metric | |3.4.2| | is, generally speaking, not isothermal. We 
note here that to a given C°° -smooth non-isothermal metric we may associate an appropriate 
quasiconformal mapping which maps the non-isothermal metric to an isothermal one. 

3.5. The two polyanalytic Bergman metrics in the model case of the unit disk with constant 
weight. To make this presentation as simple as possible, we now focus our attention on the 
biholomorphic (bianalytic) case q = 2. Then 

1 _ |2'|2 \v _ 7'|2 

(3.5.1) E«2[K2](z, z'; z, z') = 4 ^^ + 6- 



(1-|Z|2)3 (1-|Z|2)4' 
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and if we substitute z' = z + e, the result is 

1 _ I2 + e|2 

(3.5.2) E^2[K2]{z, z + e;z,z + e)= 4— f + 6 



(1 - |ZP)3 (1 - |z|2)4 



(1-|Z|2)2 (1-|Z|2)3 ''(1-|Z|2)4' 

so that Bergman's first metric | |3.3.4| | becomes 

(3 5 3) ds® (z)^-(4^^ + kP^i^jldzP 

indexed by e. The corresponding 2x2 matrix 

/2(l-|z|2)-2 -2Z(1 - |z|2)-3 

^^-2z(l-|z|2)-3 (1 + 2|Z|2)(1 - |z|2)-4 

is then positive definite (this fact generalizes to arbitrary q as we mentioned previously). 

A more involved calculation shows that Bergman's second polyanalytic metric | |3.4.2| | obtains 
the form 

(3.5.4) ds®„,^(z)2 = ^^-l^|dz|2 (mode,?), 

where the modulo is taken with respect to the ideal generated by e and e). In this case, this is 
the same as putting e = at the end. This is actually the same as | |3.5.3t to this lower degree of 
precision. 

4. Interlude: a priori control on point evaluations 

4.1. Introductory comments. Let us consider the unit disk D, and a given subharmonic func- 
tion i/' : D ^ ]R. If M : D ^ C is holomorphic and nontrivial, then log \u\ is subharmonic. Then 
log \u\ + i/j is subharmonic, and by convexity, Iwpe^''' is subharmonic as well. By the sub-mean 
value property of subharmonic functions, we have the estimate 



which allows us to control the norm of the point evaluation at the origin in A2(D, e^'''). If we 
would try this with a bianalytic function u, we quickly run into trouble as log \u\ need not be 
subharmonic then (just consider, e.g., m(z) - 1 — Izp). So we need a different approach. 

4.2. The basic estimate. We begin with a lemma. We decompose the given bianalytic function 
as u{z) = Mi(z) + cz + |z|2m2(z), where c is a constant and Uj is holomorphic for / = 1,2. Let 
ds(z) :- \dz\ denote arc length measure. 

Lemma 4.1. Ifu{z) = mi(z) + cz + \z^U2{z) is bianalytic and \p is subharmonic in D, then 

r 1 rr r - ^ p-2'/'(0) r 

Mi(0) + r^ii2(0) + - U{rQds{Q rdr < — |M|^e^'''dA. 

Jo " Jt 27T J]D 

Proof. We write ipriO '■= ^{K) for the dilation of i/), and let gr be the holomorphic and zero-free 
function given by 



logg,.(z):=^ r i±M^,.(gds(Q. 
27Z Jt 1 - zQ 
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This of course defines g,- uniquely, and also picks a suitable branch of log g,-- Taking real parts, 
we see that 



log \gr\ = Relogg,- = n^r]iz) 



1 r 1 

2^ Jt^ 



- z- 



where P[i/'r] denotes the Poisson extension of ijj,-- Then, in the standard sense of boundary 
values, \gr\^ - e^'''' on T. By the mean value property, we have that 



(4.2.1) ^ ^ u{rQgr{Qds{Q = ^ X'"'^'^^ ^ ''^ ^ ^MrQ] gr{Qds{Q 



= Mi(0)g,(0) + crg',{0) + r^U2{0)gr{0) = gMih{0) + rhi2{0) + cr 



Here, 

so that in particular 
(4.2.2) 



= — log^,(z) 



gr{z) dz 



-f 



t(1-zC)' 



:</'.(Ods(Q, 



.^,.(Ods(Q. 

By l|4.2.1t combined with the Cauchy-Schwarz inequality. 



■n Jt 



lg.(0)f 



Mi(0) + r 1/2(0) + cr 



^ ^ |w(rC)gr(Ql'ds(Q = ^ ^ |«(rQ| V^'(Ods(C). 



Next, we multiply both sides by 2r and integrate with respect to r: 



(4.2.3) 



Jo 



ui(0) + rM2(0) + cr: 



V(0) 



2rdr < 



^ Jd 



M(z)|V'''("'dA(z). 



The sub-mean value property applied to i/j gives that e^'''*"^ < |g, (0)p, so we obtain from | |4.2.3t 
that 



(4.2.4) 

as claimed. 



Jo 



Mi(0) + r2M2(0) + cr: 



m 



V(0) 



' 1 r 

rdr<— |M(z)|2e2'/'(")dA(z), 
271 Jd 



4.3. Applications of the basic estimate. We can now estimate rather trivially the (9-derivative 
at the origin. 

Proposition 4.2. Ifu{z) is bianalytic and \p is subharmonic in D, then 

7^ Jd 

Proof. We apply Lemma |4T] to the function c(z) := zu{z) = zmi(z) + |zp(c + zm2(z)): 

lr|2 p-2>/'(0) r p-2i/^(0) /- 

^ = k^cprdr < ^ Ivi'e^^dA < \u\^e^^dA. 

6 Jo 271 J]D 271 Jd 

It remains to observe that c = (9m(0). □ 
We can also estimate the value at the origin, under an additional assumption. 
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Proposition 4.3. Suppose u is bianalytic and that ijj is subharmonic in'D. Ifip<0 in D, then 

\u{Of < -[1 + 6m0f]e-^^^°'> f iMlV^'dA. 
^ Jd 

Proof. We will use the decomposition u{z) = mi(z) + cz + |zpM2(z), where u\, U2 are both holo- 
morphic. Proposition l4.2l allows us estimate c = du{0), so that 



(4.3.1) 



f - r 

Jo " Jt 



C./'(rgds(C) 



rdr< |i/^(rQ|ds(C)} rdr 

< r 4|cpr2|i/)(0)prdr = |cp|i(^(0)|2 < -|!/;(0)|V2W f |M|2e2'/'dA. 
Jo ^ Jd 



Note that we used the subharmonicity of ip, and that i/^ < 0. By the standard Hilbert space 
inequality ||x + < 2(||x|p + Hylp), it follows from Lemma |4IT] and the above estimate | |4.3.1t 
that 



(4.3.2) 



Jo 

Jo 71 Jt 



Jo 



|mi(0) + r^M2(0)rrdr < 2 
Jo 

+ 2 1 - I Ci/'(''Qds(C)' 



CT I — 

Hi(0) + r2M2(0) + - C>/'(rQds(C) 
n Jt 

p-2i/'(0) f ^ 

rdr < I lupe^-^dA + -|i/;(0)pe-2'''('" 



rdr 

2i/'(0) r 6 r 

|M|V^dA + -|i/;(0)|V2W |M|V'dA 

^ Jd ^ Jd 

= - ll + 6|ii'(0)|^} e-^"/'*") r M^e^'t'dA. 
71 ^ ' Jd 



Next, we expand the left hand side of (|4.3.2|l : 



(4.3.3) 



Jo 



|mi(0) + r^U2{0)\^rdr 



-f 

Jo 



\ni{0)r + r*|M2(0)r + 2r^Re[Mi(0)M2(0)] rdr 



- huiiOt + i|w2(0)P + iRe[wi(0)M2(0)] = i|wi(0)p + ^ 
2 6 2 8 6 



-Ml(0) + M2(0) 



> il"i(0)P. 



So, (|4A2t and | |433t together give that 

|Mo(0)|' < ^e-^-Z'^o) [l + 6|</;(0)|2] e-2^(°) J Nl^e^^'dA, 

as needed. □ 

4.4. The effective estimate of the point evaluation. The problem with Proposition 14.31 as it 
stands is the need to assume that i/' < 0. We now show how to reduce the assumption to a 
minimum. 

Given a positive Borel measure fi on D with finite Riesz mass 



/( 

Jd 



(1 - |zp)d|U(z) < +00, 



we associate the Green potential G(|U), which is given by 



GUil(z) 



n Jd 



log 



z-w 



1 - ZIV 



djuizv), 



z e D. 



The Green potential of a positive measure is subharmonic. It is well-known that the Laplacian 
Alp of a subharmonic function i/^ is a positive distribution, which can be identified with a 
positive Borel measure on D. Then, ii Aip has finite Riesz mass, we may form the potential 
G[Zl!/'], which differs from \phy a harmonic function. 
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Proposition 4.4. Let ip be subharmonic and u bianalytic o« D. IfAijj has finite Riesz mass, then 
|u(0)P < ^[l + 6|G[zli/^](0)|2]e-2W J iMlV'dA. 

Proof. We decompose \p = G[A\p]+h, where h is a harmonic function. To the harmonic function 
h we associate a zero-free analytic function H such that h = log \H\. As the Green potential 
has G[Zl!/'] < (this is trivial by computation; it also expresses a version of the maximum 
principle), we may invoke Proposition |4.3| with G[Z\i/'] in place of i/', and uH in place of u (The 
function uH is bianalytic because H is holomorphic and u is bianalytic). The result is 

(4.4.1) 

|m(0)|V'(°) = |m(0)H(0)P < ^[l + 6|G[zli/;](0)|2]e-2'=[^'''l(°) J \u{zv)H{w)fe^^^^'l'^^'"'>dA{w) 

= ^[l+6|G[zlW](0)|2]e-2C[^^«0) J |M(a;)|V'("')^2Gzl^](r«)d^(jy) 

= ;^[l+6|G[Z\i/'](0)|2]e-2f^['^'^l(°) J |M(it;)|V^'(""dA(ii;), 

which is equivalent to the claimed inequality. n 
Remark 4.5. As stated, the proposition is void unless 

G[Aip]{0) = - f log\iv\^dfi{zu) > -oo. 
^ Jd 

5. Asymptotic expansion of polyanalytic Bergman kernels 

5.1. The weighted polyanalytic Bergman space and kernel for power weights. As before, Q 
is a domain in C, and we consider weights of the form co = e~^"'^, where Q is a real-valued 
potential (function) on Q and m a scaling parameter, which is real and positive, and we are 
interested in the asymptotics as m ^ +cx>. By abuse of notation, we may at times refer to Q 
as a weight. We may interpret this family as formed by the powers of an initial weight e"'^. 
We will think of the potential Q as fixed, and to simplify the notation, we write A^, in place of 
A^(Q, e~^"'^). Likewise, the reproducing kernel of A^, will be written K„,. More generally, we 
are also interested in the weighted Bergman spaces of polyanalytic fimctions PA^(Q, e~^"'^), 
which we simplify notationally to PA^„,. The associated polyanalytic Bergman kernel will be 
written „,. Hopefully this notation will not lead to any confusion. The related kernel 

(5.1.1) K^Jz, w) = K^,„{z, zi;)e-'«ie(-)+Q(»)], 

known as the correlation kernel, then acts boundedly on L^(Q). We may think of both m and q as 
quantization parameters, because we would generally expect the integral operator associated 
with | |5.1.1| | to tend to the identity as m or tends to infinity. When q tends to infinity, this 
is related to the question of approximation by pol5momials in z and z in the weighted space 
L^(Q, e~^"''3). When instead m tends to infinity, "geometric" properties of Q and Q become 
important; e.g., we would need to ask that AQ>0. 

5.2. Weighted Bergman kernel expansions for power weights. We should observe first that 
the above setting of power weights co = e"^'"^ has a natural extension to the setting of line 
bundles over (usually compact) complex manifolds in one or more dimensions. As the Bergman 
kernel is of geometric importance, it has been studied extensively in the line bundle setting (see, 
e.g., ||27|V To make matters more precise, suppose we are given a (compact) complex manifold 
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X and a holomorphic line bundle L over X supplied with an Hermitian metric h, where in our 
above simplified setting h ~ e"^^ is a local representation of the metric h. Next, if m is a positive 
integer, the weight e~^'"Q appears when as the local metric associated with the tensor power 
L®'" of the line bundle L. This is often done because the initial line bundle L might have admit 
only very few holomorphic sections. To be even more precise, the one-variable analogue of 
the weight which is studied in the context of general complex manifolds is e~-^"''^A Q, and it is 
clearly necessary to ask that AQ is nonnegative. Here, we shall stick to the choice of weights 
CO = e"2'"Q which seems more basic. 

It is - as mentioned previously - generally speaking a difficult task to obtain the weighted 
Bergman kernel explicitly. Instead, we typically need to resort to approximate formulae. 
Provided that the potential Q is sufficiently smooth with zlQ > 0, the weighted Bergman 
kernel has an asymptotic expansion (up to an error term of order 0(m"'^)) 

(5.2.1) K,„{z, w) ~ 5<'^>(z, zy)e2'«Qfe"') = {m6o(z, w) + 6i(z, w) + --- + m'^^^^kiz, w)} e2'"Qfe^") 

near the diagonal z = w. Here, the function Q(z, w) is a local polarization of Q(z), i.e., it is an 
almost holomorphic function of {z,w) near the diagonal z = w with Q(z,z) = Q(z). For details 
on local polarizations, see, e.g., lH, HI. It is implicit in | |5.2.1t that 

(5.2.2) 6^^\z, w) = w76o(z, w) + 6i(z, w) + ■ ■ ■ + m~'''^'^6k{z, w), 

where each term 6y(z, w) is holomorphic in (z, zv) near the diagonal z = w. The asymptotic 
expansion | |5.2.1| | was developed in the work of Tian |29|, Yau |31|, Zelditch |33|, and Catlin 
||9l . We should mention that in a different but related setting, some of the earliest results on 
asymptotic expansion of Bergman kernels were obtained by Hormander |18| and Fefferman 
IITH . As for the asymptotics 1 15.2. It , various approaches have been developed, see e.g. |29l, 
||27| , (231, O, Il2J. In |25|, Lu worked out the first four terms explicitly using the peak section 
method of Tian. Later, Xu ||32| obtained a closed graph-theoretic formula for the general term 
of the expansion. 

5.3. The connection with random normal matrix theory. Apart from to the connection with to 
geometry, Bergman kernels have also been studied for the connection to the theory of random 
normal matrices. See, e.g., the papers [2J, |3|, [4J ,[7J. The joint probability density of the 
eigenvalues maybe expressed in terms of the reproducing kernels of the spaces of pol5momials 

Pol„,„, := spano,^.^„_,z^ c L\C,e-'"% 

where n is the size of the matrices (i.e., the matrices are n x n). The reproducing kernels are 
actually more natural from the point of view of marginal probability densities. The eigenvalues 
of random normal matrices follow the law of a Coulomb gas of negatively charged particles 
in an external field, with a special value for the inverse temperature jS = 2 (see, e.g., [17]). The 
asymptotics of these polynomial reproducing kernels can be analyzed in the limit as m,n — > +oo 
while n - m + 0(1), and in the so-called bulk of the spectral droplet its analysis is quite similar 
to that of the weighted Bergman kernel K,„ (see Subsection 15. 11 1. 

5.4. The polyanalytic Bergman spaces and Landau levels. The polyanalytic spaces PA^ „, (see 
Subsection 15. Hi have been considered in, e.g., [3Q,| , [IJ, 126|, and |16|, focusing on Q = C and 
the quadratic potential Q(z) = |zp, so that the corresponding weight cl>{z) = e~^™'^'^ is Gaussian. 
One instance where these spaces appear is as eigenspaces of the operator 

Az = -Az + Imzdz, 
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which is densely defined in L^(C, e ). More precisely, the eigenspaces are of the form 
PA^ „, 9 J where Q denotes the orthogonal difference within the Hilbert space 
The related operator 

where M denotes the operator of multiplication by the function in the subscript, is the Hamil- 
tonian associated with a single electron in C within a uniform magnetic field perpendicular to 
the plane. The operator is called the Landau Hamiltonian and the eigenspaces are commonly 
referred to as Landau levels. 

Returning to a general potential Q, we may think of the orthogonal difference spaces 

as way to generalize the notion of Landau levels. Here, we note that in fl^, Rozenblum 
and Tashchiyan identify approximate spectral subspaces related to a Hamiltonian describing 
a single electron in a magnetic field with strength AQ. It may be observed that those spaces 
are in a sense dual to the orthogonal difference spaces 6PA^„,. 

5.5. Asymptotic analysis of weighted polyanalytic Bergman kernels. It is our aim is to supply 
an algorithm to compute a near-diagonal asymptotic expansion of the weighted polyanalytic 
Bergman kernel K^,,„ as m tends to infinity. Under suitable assumptions on the potential Q, the 
kernel has - up to an error term - the (local) expansion 

K^^„,{z, w) ~ [mi6l{z, w) + mi-^6l{z, w) + ■ ■ ■ + m''-'^6^(z, iv)^e^'"Q(^''"\ 

where near the diagonal z = w, the coefficient functions 6y(z, w) are ij-analytic in each of the 
variables z and w. As before, Q{z,w) is a polarization of Q(z). The control of the error term 
is of order 0(?w''~'^"^) in the parameter m. We work this out in detail in the bianalytic case 
cj = 2, and obtain explicit formulae for 6^ when j = 0, 1,2 (see Remark |7.6l |. Note that we may 
use the formula 6K^^„, Kij^„, - K^-\^m to asymptotically express the reproducing kernel 6K^,m 
associated with the orthogonal difference space 6PA^„,. 

We base our approach is based on the recent work of Berman, Berndtsson, and Sjostrand IHl, 
where they give an elementary algorithm to compute the coefficients 6j - 5^ of the asymptotic 
expansion of the weighted Bergman kernel. We now extend their method to polyanalytic 
functions of one variable. We explain our results in detail in the case cj = 2 and compute the 
first two terms of the asymptotic expansion. We supply some hints on how to the approach 
applies for bigger values of q. The actual computations become unwieldy and for this reason 
they are not presented. Our asymptotic analysis leads to the following blow-up result. 

Theorem 5.1. {q = 2) Let CI be a domain in C, and suppose Q: Q, ^ 'Kis C^-smooth with ZlQ > 
on Q and 

Suppose, in addition, that Q is real-analytically smooth in a neighborhood of a point zq e O, and 
introduce the reseated coordinates := [2mAQ{zo)]~^^^^ and rj' := [2mAQ{zo)]~^^^r]. Then there 
exists a positive nio such that, for all m > mq, we have 

(5.5.1) ^—-\K2Az, + e,zo + ^')\e-Q(^oH')-n.Qi^..n') = ^iK-,? + o{m-y\ 

2mAQ(zo) n 

where the constant in the error term is uniform in compact subsets of{^, rf) e C^. 
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We remark that since the limiting kernel on the right-hand side of (15. 5. It does not depend 
on the particular weight Q, we may view the above theorem as a universality result; for more 
on universality, see, e.g., [llj. The probabilistic interpretation is that in the large m limit, the 
determrnantal point process (for a definition, see [20 1) defined by the kernel K2^„i obeys local 
statistics (after the appropriate local blow-up) given by the kernel n~^{2 -\^ — rjp)e~'''~'''^^^. This 
local blow-up kernel appeared earlier in our previous paper ||T6| which was concerned with the 
quadratic potential Q(z) - |zp. In that paper, we analyzed a system of nonrnteracting fermions 
described by the Landau Hamiltonian of Subsection |5.4[ so that each of the q first Landau 
levels was filled with n particles. As n tends to infinity and the magnetic field is rescaled 
by OT, with m - n + 0(1), the particles accumulate on the closed unit disk (which equals the 
spectral droplet in this instance) with uniform density, and the Laguerre polynomial kernel 
7T~^L^^'j(|(5 - ;]p)e"''^~'''^^^ describes the local blow-up statistics in the limit in this pol5momial case 

for general values of q. Here, lJ"' stands for the generalized Laguerre pol5rnomial of degree r 
with parameter a; note that L^^\x) = 2 — x, which explains the expression in Theorem 15. II 

To be more precise, this system of free fermions is a determrnantal point process given by 
the reproducing kernels of the spaces 

Fo\„„, ■- span|z''z^ |0<r<(j-l,0<7<n-l}c L^iC e-^"''"''). 

In later work, we intend to replace the weight e~^"''^'' by a more general weight e~^'"'3(^' and apply 
the methods developed here to obtain the asymptotic analysis of the corresponding stochastic 
processes. On a more general complex manifold, this should correspond to studying sections 
on line bundles L®' (g> L®". 

Finally, we suggest that it is probably possible to extend our results to the several complex 
variables setting and in a second step, to more general complex manifolds. Moreover, we 
would expect that asymptotic expansion results could be obtained for reproducing kernels 
associated with differential operators more general than 5'^. 

6. Tools from the approach of Berman-Berndtsson-Sjostrand 

In this section, we review some aspects of the approach of |,8J in the one complex variable 
context (see, e.g., [2J for an extensive presentation). 

6.1. Assumptions on the potential. We fix a C°°-smooth simply connected bounded domain 
Q. The potential Q : Q — > R is assumed real-analytically smooth. This assumption simplifies 
the choice of polarization Q(z, lu), as there is then a unique choice which is holomorphic in 
(z, zv) locally near the diagonal z = w. 

Fix an arbitrary point zq e Q. We will carryout a local analysis of the kernels Km{z, w), where 
z, e D(zo, r) (s Q. We will assume that the radius r and the potential Q meet the following 
additional requirements (A:i)-(A:iv): 

(A:i) Q is real-analytic in D(zo, r) and AQ{z) > cq on D(zo, r), for some positive constant eo 
(which we assume to be as big as possible). 

(A:ii) There exists a local polarization of Q in D(zo, r), i.e. a function Q : D(zo, r) x D(zo, r) ^ C 
which is holomorphic in the first variable and conjugate-holomorphic in the second variable, 
withQ(z,z) = Q(z). 

(A:iii) For z,w e D(zo, r), we have dzdj„Q{z, w) i= and d6{z, w) (this is possible because 
of condition (A:i)). Here, 6 is the phase function, which is defined below. 
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(A:iv) By Taylor's formula, we have that 

2 Re Q(z, w) - Q{w) - Q(z) = -AQ{z)\w - zf + 0(|z - wf). 
We then pick r > so small that 

(6.1.1) lRQQ{z,iv)-Q{w)-Q{z)<-^-AQ{z)\w-zf, z,z(; e D(zo,r). 

6.2. The phase function. We now introduce the phase function: 

Q{w)-Q{z,w) 

6(z, w) = , z # IV. 

10 -z 

Clearly, the phase function 6(z, w) is holomorphic in z and real-analytic in w. We extend it by 
continuity to the diagonal: d{z,z) :- dzQ{z). In terms of the phase function, our assumption 
(|6.1.1t asks that 

(6.2.1) 2 Re[(z - iv)e{z, w)] =2Re Q(z, lu) - 2Q{w) 

< Q(z) - Q{w) - ^AQ{z)\w - zp, z, zv e D(zo, r). 

It will be convenient we record here some Taylor expansions which will be needed later on. 
In view of Taylor's formula, we have 

Q{w) = Q{w, w)^J^ -{w - zyd{Q{z, w), 
j=o ^■ 

and as consequence, 

^^^^^ ar \ Q{lo) - Q{z,lo) ^ 1 ^ 

(6.2.2) 0(z, w) = — — = > 77— 7Tt(w - zydi Q(z, w), 

w-z j-j{j + iy. 

so that 

+00 

(6.2.3) 5,,e = Yj rnv^'' ~ ^y^^-^'^^Q^^' «^)' 



and 

+00 . ^ ^ 

(6.2.4) <9,,0 = rp^i^ - z)^'^r'Q(z, w). 



j=0 



6.3. Approximate local reproducing and Bergman kernels. In [8], the point of departure is 
an approximate reproducing identity for functions in Af„. To state the result, we define the 
kernel 

(6.3.1) M„,(z, w) := — e2™C(^'"')5,„0(z, zu). 

n 

This kernel is for obvious reasons only defined in some fixed neighborhood of the diagonal. 
We shall be concerned with the (small) bidisk D(zo, r) X D(zo, r) where M,n{z, zv) is well-defined, 
by our assumptions (A:i)-(A:iv) above. To extend the kernel beyond the bidisk, we multiply 
by a smooth cut-off function Xo(^t')/ and think of the product as off the support of Xo (also 
where M„,{z,zv) is undefined). The function Xo(^^) is C°°-smooth with < ^ 1 throughout 
C, and vanishes off D(zo, |r), while it has = 1 on D(zo, |r), and is a function of the distance 
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\iu — Zo|. We ask in addition that the norm ||^XoIIl2(£}) is bounded by an absolute constant, which 
is possible to achieve. We will use the simplified notation 

|M|2e-2'"QdA! 

J a 



(6.3.2) \\u\U ■■= ll"lb(n,e-2"'Q) 

Proposition 6.1. We have that for all u e A^„ 

u{z)= f u{w)xo{i^)Myn{z,iv)e-^""^^'"^dA{zv) + 0{r-^\\u\\me' 
Jn 

where we write Sn 



mQ(z)-mbo 



), z e D(zo, h), 



-r^eo > 0. The implied constant is absolute. 
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To develop the necessary intuition, we supply the easy proof. 

Proof of Proposition \6.1 1 Since the Cauchy kernel l/{nz) is the fundamental solution to 5, we 
have by Cauchy-Green theorem (i.e., integration by parts) that 

(6.3.3) w(z) = xo(z)m(z) = r — ^^,iM(zi;)xo(ii^)e2™(-"')^(^'-))dA(zi;) 

Jq 7i(z - m;) V ^ 

u{w)xo{w)M,„{z, iv) e-2'"Q("''dA(i(;) 



/ 

Jd 



1 r „(^) ^-^^o(i^) ^2,»(z-^.)e(z,«,)^^(^„)^ zeD(zo,ir). 

TT Jq Z - TO ^ 



It will be enough to show that the last term on the right-hand side of (|6.3.3t (the one which 
involves d-a,x) belongs to the error term. By | |6.2.1t and the Cauchy-Schwarz inequality, we 
have that 



(6.3.4) 



-f 



z-w 



dA{w) < \ 


u{w) 


J a 


z-w 



^mQ(z)-mQ(w)-\mAQ(z)\w-2f 



dA{w) 



< \\u\Le 



mQ(z)\ 



IX 






z-w 



2 ,1/2 o _ 



mQ(z)^-l^mr-'AQ{z) 



again for z e D(zo, |r), and the desired conclusion is immediate. □ 

We will interpret Proposition |6 . 1 l as saying that the function M„,(z, if) is an local reproducing 
kernel mod(e~''"'), with 6 = 6o > 0. More generally, a function L„,(z, w) defined on D(zo, r) and 
holomorphic in z is a a local reproducing kernel mod(e"'"") if 

M(z) = r u{w)x^{w)L„{z, w) e-2'"Q(«')dA(i(;) + 0(||M|Ue'"«^)-"'^), z e D(zo, \r), 
Jd. 

holds for large m and all u e A^,. Here and in the sequel, it is implicit that b should be positive. 
Analogously, a function Lm(z, w) defined on ]D(zo, r) and holomorphic in z is a a local reproducing 
kernel mod(m"'^) if 



u{z) = { M(i(;)xo(i'')i^m(z,rf)e-2™Q(^'')dA(K;) + 0(||w||„,m-VQ(^)), 
Ja 



z e D(zo, |r). 



holds for large m and all u e Af„. We speak of approximate local reproducing kernels when 
it is implicit which of the above senses applies. The Bergman kernel Km{z,w) is of course 
an approximate local reproducing kernel in the above sense (no error term!), and it has the 
additional property of being holomorphic in w. This suggests the term approximate local Bergman 
kernel for an approximate local reproducing kernel, which is holomorphic in w. Starting with 
the local reproducing kernel M„,, Berman, Bemdtsson, and Sjostrand supply an algorithm to 
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correct M„, and obtain as a result an approximate local Bergman kernel mod(m"'^) for any given 
positive integer k. It is a nontrivial step - which actually requires additional assumptions on 
the potential Q - to show that the approximate local Bergman kernels obtained algorithmically 
in this fashion are indeed close to the Bergman kernel K„, near the diagonal. This is achieved 
by an argument based on Hormander 's L^-estimates for the (9-operator. In this section, we only 
present the corrective algorithm. 

6.4. A differential operator and negligible amplitudes. The corrective algorithm involves the 
differential operator 

(6.4.1) V := ^d,„ + 2mMz-,„ 

and a (formal) diffusion operator S which will be described in detail later on. In (|6.4.Hl and 
more generally in the sequel, M with a subscript stands for the operator of multiplication by 
the function in the subscript. The differential operator V has the property that for smooth 
functions A on D(zo, r) x D(zo, r), 

(6.4.2) -J—d^A{z, w) e2'"(^-«')efe"')| = Q2m{z-u,)e(z,u,)^^^^^^ 
which we may express in the more abstract (intertwining) form 

(6.4.3) ^3n,e^ ~ Mg-2,„(z-,„)8(9z„Mg2„,(z-,„)8. 

It follows from < |6.4.2t that if m is a holomorphic function on D(zo, r), then 

(6.4.4) r u{iv)xo{iv)[5u,e{z, iv)]['VA{z, zv)] e^"'^'-"'^'^^''"'MA{w) 
Jn 

= u{w)xo{lv)^^u{A{z,w)e^"'^'-'"'>^^''''"'>]dA{zv) = u{w)A{z,iv)e^"'^'-''''>^^''''"^dxo{iv)dA{w) 
which we may estimate using (16. 2. It : 

r u{w)xo{i'^)l5zve{z, w)][VA{z, w)] e2'«(^-'«)efe^'')dA(ii;) 
Jn 

<gmQ(z)-6om f \u{iv)A{z,iv)\e-"'^^'"'>\dxo{w)\dA{iv) 
Jn 

"'Q^'^"'°'"ll^llL»(D(z„,f.nll"IUII^Xolb(Q) = 0(e™e(^)-"°"'||A||,„(^(,„,3,).)||M|U), z e D(zo, ir), 

where the implied constant is absolute. Here, do = jg^^^o as before, and the norm of A is the 
supremum norm on the bidisk D(zo, |r)^ = D(zo, ^r) x D(zo, |r). Compared with the typical 
size 0(e'"'3^^'), this means that we have exponential decay in m. For this reason functions of the 
form Mg gVA are called negligible amplitudes. 

6.5. A formal diffusion operator and the characterization of negligible amplitudes. Next, to 
define the diffusion operator S, we need the two differential operators 

(6.5.1) dzL, = du, - -^-zdw, do = -^—dw 

These operators come from the change of variables (z, w, w) (z, w, 6), but this is of no 
real significance to us here. What is, however, important is the property that they commute 



(6.4.5) 



< e 
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{dwde - dgdw), and the formula for the commutator of di„ and Mz-a, (see (I6.5.9t below). In 
terms of the above differential operators, V simplifies: 

(6.5.2) V = + 2mM,_,„. 
The diffusion operator S is defined (rather formally) by 

oo 

(6.5.3) S := e(2'")"^«'^^ = V -^^(^B-JeY- 

The relation with diffusion comes from thinking about d^de as a generalized Laplacian, so that 
S is the 1 1 {2m) forward time step for the corresponding generalized diffusion (or heat) equation. 
Our analysis will not require the series expansion | |6.5.3t to converge in any meaningful way. 
It is supposed to act on asymptotic expansions of the type 

(6.5.4) a{z, w) ~ mao{z, w) + ai{z, w) + m~^a2{z, w) + m~^a3{z, w) + .. ., 

in the obvious fashion. Here, the functions fly(z, iv) are assumed not to depend on the parameter 
m. As for the meaning of an asymptotic expansion like I l6.5.4t , we should require that 

k 

a{z, u>) m~''^^aj(z, iv) + 0{m~'^). 

Actually, we may even think that the left hand side represents the right-hand side more 
abstractly in the sense of the abschnitts (partial sums) 



(z, iv) = ^ m ''^^aj{z, w), 



so that fl(z, zv) need not be a well-defined function, it would just be a stand-in for the sequence 

of abschnitts a^''\z, w), k - 1, 2, 3, In this sense, the meaning of Sa clarifies completely. We 

observe from the way S is defined that 

(6.5.5) [Sfl<'^>]<*^> = [SaY'^K 
and likewise for its inverse 

(6.5.6) [S-h<'''>f^ = [S-^Y'^K 

Here, the inverse operator is given by the (rather formal) expansion 

(6.5.7) := e-^'-r'^"'^ = f -^{d-.M'- 

The important property of S, which is verified by a simple algebraic computation, is that 

(6.5.8) SV = 2mM2_„,S. 

We include the calculation which gives (16.5. 8| |, as it is elegant and quite simple. First, we note 
that 

di„Mz-wd'g = -jdeidgd-,,)'-^ + M,_-„{dedJ, j = 1,2,3,..., 
which follows from the calculation 

(6.5.9) dlM,-^ = - jd'-^ + M,.,„dl, i = 1,2,3,.... 
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Finally, we expand SV: 

SV = eP"')"'^«^."V = e'^^'^'^'-^-C^e + 2mM,_,„) 

nilmV " ^ v.ilmy ^ " 

+00 ^ +00 - 

^ - l)!(2ffi)i 1 ^ 7!(2OT)i 1 

= 2mMz-z«e'«"'^'^^- = 2mM,_-^S, 

as needed. 

The reason why we consider the diffusion operator S is outlined in the following proposition 
(see IHl). As for notation, let 9?i denote the algebra of all functions /(z, w) that are holomorphic 
in z and C°°-smooth in w (near the diagonal z = vo). 

Proposition 6.2. f fx an integer k = 1,2,3 .... Suppose a{z, w) has the asymptotic expansion < |6.5.4| |, 
i.e., a ~ mao + ai + m~^a2 + m'-^a^ + . . ., where the functions aj e 3?i are all independent ofm. Then 
the following are equivalent: 

(i) We have that 

[Saf^ e M,_,„5Ri. 

(ii) We have that 

for some function A(z, w) = 2Ly=o m~'Aj{z, w), where each aj e S^i is independent ofm. 
Proof. Suppose first that (ii) holds. Then, by | |6. 5.51 1 and | |6.5.8| |, we have that 

(6.5.10) [SaY''^ = [Sfl<*>]<*> = [S[VA]<'^>]<'^> = [SVA]<'^> = Mz_-^[2otSA]<*> = 2mMz_„,[SA]<*+^>, 
and (i) follows. 

Next, we suppose instead that (i) holds, so that [Sfl]^*^^ - Mz_a,a for some function a{z,zv) - 
TJ^j=Qm^~'aj{z,w), where the aj{z,w) are independent of m, and holomorphic in z and C°°- 
smooth in w near the diagonal z = w. We would like to find an A of the form prescribed by 
(ii). In view of the calculation | |6.5.10t , it is clear that if A can be found, then we must have 
a = [2mSA]<'^> = 2m[SA]<''+i>. Finally by i65M , we realize that A = {2m)-'^[S-'^aY''K Finally we 
plug in A := (2m)"^[S"^a]<''> and check that it is of the right form, with [VA]^'^^ = a^'^K Indeed, 
we see by applying from the left and the right on both sides of | |6.5.8t using | |6.5.5t and 
(|6.5.6t that 

(6.5.11) VS"^ = ImS-^Mz-zv, 



so that 



as needed. 



[VA]<'^> = [{Imy^VS-'^af^ = [S'^M.-^a]^''^ = [S-^Sa] 



6.6. The local asymptotics for the weighted Bergman kernel: the corrective algorithm. We 

recall from Subsection 16.31 that the kernel M„, (z, w) given by (16. 3. It is a local reproducing 
kernel mod(e~*'''") (see Proposition 16. It . The kernel M,„(z, zf) is automatically holomorphic in 
z e D(zo, r), and we would like to correct it so that it becomes conjugate-holomorphic in w, 
while maintaining the approximate reproducing property. In view of the negligible amplitude 
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calculation | |6.4.4t , the approximate reproducing property (with a worse precision) will be kept 
if we replace M,„ by the kernel 

X^^>(2,a;) := 6^^\z,w)e^"'^^'-'"\ 

where 

(6.6.1) 6<*> m6o + 61 + ■•■ + )«-'^+i6fc 

is a finite asymptotic expansion (where each term 6y is independent of m), with 

(6.6.2) 6<*> = f!!!5^„0 + 5^„0[VX]<'^>. 

7T 

Here, X ~ Xq + m~^X\ + m~^X2 + ... is an asymptotic expansion in m (where every Xj is 
independent of m), and each Xy(z, w) should be holomorphic in z and C°°-smooth in w. Then 
Kf^{z,w) is a local reproducing kernel mod(m~'^) as a result of perturbing by the abschnitt of 
a negligible amplitude (multiplied by Q^'tQi^My We want to add the condition that 6^*^^(2,0;) 
be conjugate-holomorphic in w, to obtain a local Bergman kernel mod(m~'^). This amounts to 
asking that 6y(z, w) is holomorphic in iv. The way this will enter into the algorithm is that such 
functions are uniquely determined by their diagonal restrictions. 
It is convenient to express l|6.6.2|l is the form 

(6.6.3) f^ = ^ + [vxf). 

For convenience of notation, we think of 6^*^^ as the abschnitt of an asymptotic expansion 

6 ~ W160 + 61 + m~^62 + Proposition 16.21 tells us how to solve (|6.6.3|l : we just apply the 

diffusion operator S to both sides and check that the abschnitts coincide along the diagonal 
z - lu. More concretely, 5^'^'* solves | |6. 6.31 1 for some X if and only if 



which is the same as 



(6.6.4) 





m ^5" 








1 









2 



n 

When we expand the condition | |6.6.4| |, we find that it is equivalent to having 

(6.6.5) - - ^ M,_,„9?i, 
and 

(6.6.6) 1^ _L(5^„ag)'|^| e M,_,„5Ri, j = l,...,k. 

From the Taylor expansion (|6.2.3t , we see that 

(9i„e(z, w) - d^d,„Q{z, w) e Mz_j„5Ri, 

so that 1 16.6. 5t is equivalent to 

2 - 

6q{z,w) d:,d-a,Q{z,w) e Mz_i„9li. 

7T 
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Taking the restriction to the diagonal, we obtain that 6o(z, z) = ^AQ{z), and as the diagonal 
z = If is a uniqueness set for functions that are holomorphic in (z, w), the only possible choice 
is 

2 - 

6o{z,iv) ■- -d^^d,„Q{z,w). 
n 

The rest of the functions 6^ are obtained in explicit form using | |6.6.6| |. To illustrate how this 
works, we show how to obtain 6i. By | |6.6.6t with = 1, we have 

(6.6.7) ^ + U„aJ^UM,VJii. 

We plug in the expression for 6o which we obtained above, and restrict | |6.6.7t to the diagonal 

z = w: 

6i(z,z) _ K , r ldAoQ{z,w)\ 

After some necessary simplifications, this leads to the formula 

6o(z,z) = ^Z\logZ\Q(z), 

and the only possible choice for 6o(z, ro) which is holomorphic in (z, ro) is the polarization of 
the above, 

1 - 

6o(z,rf) = —d:,du,\o^[d:,di„Q{z,w)]. 
2n 

We note that the expressions for 6y(z, w) are well-defined and holomorphic in (z, id) on the 
bidisk D(zo, r) x D(zo, r), at least for ] = and / = 1. This will be the case for all other indices 
i as well, because the expressions for 6^.{z,w) will only involve polynomial expressions in 
some derivatives of dzd-^„Q{z,w) possibly divided by a positive integer power of (92(5j„Q(z, if). 
This allows us to work with the local Bergman kernel K^^\z, w) in the context of the bidisk 
D(zo,r)xD(zo,r). 



7. The kernel expansion algorithm for bianalytic functions 

7.1. The local ring and module. We recall that 9?i is the algebra of all functions f{z,w) that 
are holomorphic in z and C°°-smooth in w (near the diagonal z = w). We will now need also 
the Sli -module 91, of all functions f{z, w) that are r^-analytic in z and C°° -smooth in w (near the 
diagonal z = iv). Here, we focus the attention to the case q = 2. 

7.2. The initial approximate local bi-reproducing kernel. We now turn our attention to the 
space PA^„, with cj = 2 (the bianalytic case). The first step is to find the analogue in this setting 
of the kernel M„, given by | |6.3.1t , and then to obtain an approximate reproducing identity 
similar to I l6.3.3t . 

We keep the assumptions on the potential Q and the disk D(zo, r) from Subsection 16.11 and 
the smooth cut-off function xo will be as in Subsection l6.3l We will need to add the requirement 
that 7'||<5^;^:ollL2(a) is uniformly bounded by an absolute constant, which is possible to achieve. 

Suppose u is biholomorphic (or bianalytic) in D(zo, r), which means that d^u = there. It 
is well-known that the fimdamental solution to 5^ is z/{nz). By integration by parts applied 
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twice, we have that 
(7.2.1) r u{w)xo{w)dl 



w - z 
i 

w - z 



,2n/(z-n))e 



Jn 



yA{zv) = £ 



w - z 
( 

w -z 



w - z 

£ 

TV - Z 



,2m(2-m)0 



2dzou{w)djvXo{'iv) + u{w)dlxo{w)]dA{iu) 



Jn 



u{w)\l 



z-w w — z 



dlxoi'iv) - 4m(z - iu)d,„xo{w)d-a,e^dA{w). 



Here, the integral on the left-hand side needs to be understood in the sense of distribution 
theory. If we combine (|7.2.1t with (16. 2. It , it follows that we obtain the estimate 



I/" 



< e' 



{w)Xo{w)d: 

mQ{z)-^mr^AQ{z) 



10 - Z 
W - Z 



,2m(2-z<;)0|^(j^^ 



/ 



u{w)\{2 



z-w 



+ \5lxom + 4m|(z - zv)d,„xo{iv)5-M ]e-"-G^'"^dA{w), 



for z e D(zo, |r). Next, if we assume that u e PA^„„ with q = 2, so that - in particular - u 
extends biholomorphically to Q, then 



(7.2.2) 



Jo 



{zv)xQ{io)dl 



w - z 
1 

w - z 

"llm]6||(9A:ollL2(n) + r\\d^xo\\ma) + 5m/-^||(9xollL2(n)ll<5ii;0|lL"(D(zo,|,f )}/ 



for z e D(zo, |r), where we write as before 5o = jg^^^o, and the implied constant is absolute. We 
interpret (|7.2.2t as saying that the left-hand side decays exponentially small compared with 
the t5^ical size e"''^*^). Let 6o denote the distribution which corresponds to a unit point mass at 
in the complex plane C. By a direct calculation, we find that 



(7.2.3) 



—dl, 



w — z 



^2m{z-w)e 



n \w -z 
where M2,m is the kernel 

f 4m rr 



60(2; -w)- M2,m{z, iv)e 



-2mQ(w) 



—d,„d (z - w)5le |z - w\H5^ef\ 

n n n ) 



^2mQ{z,m) 



The kernel M2,m is the bianalytic analogue of the kernel Mm which was our staring point in 
Subsection [631 It is also automatically bianalytic in z, but not necessarily in iv. 



Proposition 7.1. We have that for all u e PAj 

u{z)= f u{w)xQ{w)M2,„,{z,^)e~^"'^'^'"^dA{w) + 0(r-^e' 
Jo 



mQ(z)-6om|| 



1 + mr^\\d,ML«gDiz„l,f)}), 



for z e D(zo, |r), where 60 = jg^^^o > 0. The implied constant is absolute. 

Proof. This is an immediate consequence of the relation (17.2. 3| | and of the estimate (|7.2.2t . □ 
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7.3. Approximate local kernels. We will interpret Proposition 17. 1 1 as saying that the function 
M2,m(z, w) is a local bi-reproducing kernel mod(me"*'"), with b = 6q> 0. Generally, we say that 
a function Lm(z, w) defined on D(zo, r) and biholomorphic in z is a a local bi-reproducing kernel 
mod(e-*'") if 

M(z)= r M(z(;)xo(ii')U,(z,i(;)e-2'"«"')dA(zi;) + 0(||M||,„e'"Q(^'-'«^), z e D(zo, |r), 
Ja 

holds for large m and all u e PA2„. Here and in the sequel, it is implicit that 5 should be 
positive. Analogously, a function L,„(z, w) defined on D(zo, r) and biholomorphic in z is a a local 
bi-reproducing kernel mod(m~'^) if 



m(z) 



r u{w)xo{u>)L„,{z, w) e-2'«Q("')dA(zi;) + 0(||M||„,m-'^e'"Q(^)), z e D(zo, ir). 



holds for large m and all w e PA,„. We speak of approximate local bi-reproducing kernels when 
it is implicit which of the above senses applies. The bianalytic Bergman kernel K2,m(z, iv) is of 
course an approximate local bi-reproducing kernel in the above sense (no error term!), and it 
has the additional property of being biholomorphic in w. This suggests the term approximate 
local bianalytic Bergman kernel for an approximate local bi-reproducing kernel, which is biholo- 
morphic in iv. It remains to describe the corrective algorithm which turns the approximate 
local bi-reproducrng kernel into an approximate local bianalytic Bergman kernel. 

7.4. Bi-negligible amplitudes. We recall the definition of the differential operator V in | |6.4.1| |. 
By squaring the operator identity | |6.4.3t , we arrive at 

jM5_^0VM5,^,0VA(z,a;)}e2'«("-«')^ = dl,[A{z,w)e^"'^''-"''>^], 

provided that A(z, lo) depends C°°-smoothly on the pair (z, w). As a consequence, we have by 
integration by parts (applied twice) that 

(7.4.1) ^ u{w)xo{w)[Ms_^^_gVMs_^^gVA{z, w)] e^"'^""-""^^ dA{w) 

= f u{iv)xo{iv)5l{A{z,iv)e^"'^'-'"^'^\dA{w)= f A{z,w)e^"''^'-"'^^dl{u{w)xo{Tv)}dA{w) 
Ja Ja 

= f A(z,a;)e2'"(^-«')^j2<9„,M(a;)5^xo(ii') + w(ii')<?ko(M')}dA(ri;) 
u{iv)e^'"^^-'"'>^{2du,A{z, w)5,,xo{io) + A(z, iv)[Am{z - w)d^uXo{w)d,„e + dlxo{w)\]dA{w), 



provided u is biholomorphic on D(zo, r). If m e PAj^, we can now obtain the estimate (use 



(7.4.2) 



< gmQ(2)-6oU! 



r u{w)xo{io){Ms_^,,gyMs_^^_gVA{z, w)] e^"'^^-'"^'' dA{iv) 
£ \u{w)\e-"'Q^'"\2\d^A{z,w)d^Xom + \A{z,w)\[5mr\d,,xo{iv)d,ae\ + \dlxo{m}dA{iv) 



X 

la 



< r-'e" 



+ 5mf^\\d-a,d\\L''{lD{zo,lrr)\\3Xo\\LHa)]} 

= 0(r-ie'"Q(^)-'^°'"||w||„,jr||5,„A||,„(j3(,„,3,).) + \\A\\,„^„^^^^.^^.^[1 + mr^\\d,M,^^^^.,,i.^.)]}\ 
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for z e D(0, |r), where 60 = jgf^^o > 0, as before. We note that the implied constant in l|7.4.2t 
is absolute. If we allow the implied constant in "O" to depend on the triple {A, zq, r), then the 
right-hand side of l|7.4.2t may be condensed to 0(OTe'"Q^^^"*°"'||M||,„), for m > 1. 

Compared with the typical size e'"'^^^), (|7.4.2|l says that the estimated quantity decays ex- 
ponentially in m. For this reason, we call expressions of the form M^^ g VM^^ g VA bi-negligible 
amplitudes. 

7.5. The characterization of bi-negligible amplitudes. We need to find the bianalytic ana- 
logue of Proposition I6.2[ so that we can tell when we have a bi-negligible amplitude. To 
formulate the criterion, we first need to define the operator N. We note that a function / e 912 
has a unique decomposition f{z, w) = fi{z, w) + 2/2(2, w), where /i and /2 are holomorphic in in 
z and C°°-smooth in w (near the diagonal z = w). For such / e ?!2, we put 

Mi^v ^ fi{z,w)- fi{w,w) _f2{z,w)-f2{w,w) 
Nlf]{z,w) ■- +Z . 

Z-W z-w 

Then NM2--K, is the identity operator. Second, we need the (formal) operator S' given by 
(7.5.1) S' ■- SM^igS-^NS. 

Proposition 7.2. Fix an integer k = 1,2,3,. ... Suppose a has an asymptotic expansion a ~ m^ag + 
mai + fl2 + m~^a3 + . .., where the functions Uj e 9?2 are all independent ofm. Then the following are 
equivalent: 

(i) There exist two finite asymptotic expansions a = m^ao + mai + a2 + ■■ ■ + m~^^^ak+i and a' = 



m^a'„+ma',+aL-{ — +m '^^^a 



Q , , 1^2 ' ' "^'k+v ^^^^^ ^^'^^ ^j' ^ ^2 independent ofm, such that [Sa]^*^^ = Mz_H,a 



and [S'fl]^'^^ = Mz-,„a'(z,a;). 
(ii) There exists an asymptotic expansion A ~ Aq + m~^Ai + m'-^Az + . . ., with Aj e ?{2 independent 
ofm, such that 

a<'^> = [VMs^^^eWAfl 

Proof. We first show the implication (i) ^ (ii). We recall the abschnitt properties (16. 5.51 1 and 
l|6.5.6t , which will be used repeatedly. We put p := [S~^a]^*^ to obtain 

(7.5.2) [Saf> = M,_^a = [M,.,,S(if\ 
and, consequently, by (|6.5.8t , we have 

(7.5.3) a<''^ = [S-1m,_^S/3]<'^> = [{2m)-^Vpf\ 
Moreover, we see from l|7.5.2|l and the definition (|7.5.Hl of S' that 

(7.5.4) [S'af^ = [SM-,\S-^NSaf^ = [SM-,\S-^NM,-,,SBf^ = [SM-,\BfK 

where we used that NMz_;„ is the identity. Next, we put /3' := [S~^a'\^^\ so that a' = [SjS']^''^ so 
that in view of the second condition in (i) and l|7.5.4|l , we get that 

M,_,„[S/^']<'^> = M,_^a' = lS'af> = [SMt1^/5]<'^>. 

We solve for f}, using l|6.5.8|l : 

(7.5.5) ji = [Ms_^_gS-'M,-,„Sfi'f> = [{2m)-'M3_^^_oV[}'f\ 
By putting the relations l|7.5.3|l and l|7.5.5t together, we now see that 

= [{2m)-^'VMs^__gVp'f\ 
which means that (ii) holds with A<''+2> = {2m)~^p'. 
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Finally, we turn to the reverse implication (ii) (i). This time we have A, and just need 
to find a and a' with the given properties. Inspired by the calculations we carried out for the 
forward implication, we put a' := [(2m)^SA]^'^^ and a := [2mSM^ gVA]^'^\ It remains to verify 
that (i) holds with these choices a and a'. We first check with the help of | |6.5.8t and (ii) that 

M,_,„a = [2mM,.,„SMs_^^_gVAf> = [SVMs_^_gyAf> = [Safl 

so the first relation in (i) holds. Second, we check using (ii), | |7.5.1| |, and | |6.5.8| |, that 

[S'fl]<'^> = [S'VMs^^^,VAf> = [SMTi^S-iNSVM5,„eVA]<'^> 

= [2mSMTi^S-iNM,_-,SM5,„eVA]<'^> = l2mSM-^l^Ms^^^gVA]<''> 

= [2mSVA]<'''> = [{2mfM,-^„SAf> = M,_,„a', 

and the second relation in (i) holds as well. Note that in the above calculation we used that 
NMz-io is the identity. The proof is complete. □ 

Remark 7.3. (a) It is clear that a bi-negligible amplitude is automatically a negligible amplitude, 
since VM'^VA = VB, with B := M'^VA. The first part of condition (i) of Proposition O 
captures this observation. But it is of course harder for amplitude to be bi-negligible than to 
be negligible. The second part of condition (i), which involves S', expresses that difference. 

(b) In the context of the proof of Proposition [72J the relation 

j^(k+2) ^ (2m)-2^' = {2m)-^[S-^a'f^ = {2m)-\S-^NS' a]^''^ 
tells us how to obtain A^'^^^^ starting from a given a^'^^ 

(c) Proposition 17.21 is stated for bi-negligible amplitudes (i.e., where q - 2). However, it is 
rather clear how to formulate the corresponding result for general q. In (i), we get q operators 
S, . . . , S*''"^^ instead of S, S', and in (ii), we get a product of q copies of the operator V interlaced 
with q - 1 copies of the multiplication operator g. 

7.6. The local uniqueness criterion for bianalytic kernels. For F(z, w) holomorphic in (z, w) 
near the diagonal z = ly in C^, it is well-known that the diagonal is a set of imiqueness. In 
particular, the assumption F e Mz_;„?{i implies that F(z, w) = holds near the diagonal. We 
need the analogous criterion for functions biholomorphic in each of the variables (z, w). 

Lemma 7.4. Suppose F e '3?2/ so that f (z, w) is biholomorphic in z and C°° -smooth in w near the 
diagonal z = w. IfF{z, iv) e M2_a,5R2, and in addition, F(z, w) is biholomorphic in w, then F(z, w) =0 
holds near the diagonal. 

Proof. We first decompose F = Fq + zFi + WF2 + zivF^, where each Fj is holomorphic in (z, iu) 
near the diagonal. Since F is biholomorphic in z, the function dzdi^F = F3 is holomorphic in 
(z, w), and the assumption F e M.l_^^,'il2 leads to dzdi^F = F3 e Mz_h;9?i . But the diagonal is a set 
of uniqueness for F3, and we find that F3(z, w) = 0. So F = Fq + zFi + IVF2, and, consequently, 
dzF = Fi e M^.j,,??! is holomorphic in (z, w). Again the diagonal is a set of uniqueness for Fi, 
which implies that Fi(z, w) = Q. What remains of the decomposition is now F = Fq + WF2. From 
F e M2_,„9?2 we get that di„F = F2 e M.^-w'^i, and analogously we obtain that F2(z, w) = 0. The 
final step, to show that F vanishes if F = Fq e M2_,„?l2 is holomorphic in (z, w), is trivial. □ 

Remark 7.5. In the context of the lemma, it is not possible to weaken the assumption that 
F 6 M^_yj^2 to just F e M.z-w'^2, as is clear from the example F(z, w) := z-w. 



ASYMPTOTIC EXPANSION OF POLYANALYTIC BERGMAN KERNELS 



25 



7.7. The local asymptotics for the weighted bianalytic Bergman kernel: the corrective algo- 
rithm I. The implementation of the corrective algorithm is rather analogous to the holomorphic 
situation of Subsection |6.6l However, since there are certain differences, we explain everything 
in rather great detail. We recall from Subsection [7. 2 1 that the kernel Al2,;n 

given by (|7.2.4t is a 

local bi-reproducing kernel mod(me~''''"'); see Proposition [7T] If we correct M2,m by adding a 
bi-negligible amplitude, then it remains a local bi-reproducing kernel mod(me~'^°™), in view of 
(|7.4.2t . That is, we replace M2,n, by the kernel 



where 

(7.7.1) w .- ,;i -r -r ■ - - -r /,i Uj.^^ 

is a finite asymptotic expansion (where each term 6^ is independent of m), with 



5<2,;c> ._ ^2g2 + ^52 _^ . . . + 



(7.7.2) 



4m 



2m 



z - w\\d,„eY + — d-a,e (z - w)d'i„e + d,„e [vm^^^qVX] 



71 TT 71 

Here, X ~ Xq + m~^Xi + m~^X2 + . . . is some asymptotic expansion in m (where every Xj 
is independent of m), where each Xy(z, iv) should be bi-holomorphic in z and C°°-smooth in 
If. Then K^^^^^{z,zv) is a local bi-reproducing kernel mod(m"'^) as a result of perturbing by the 
abschnitt of a negligible amplitude (multiplied by e^'"^^^'"'")). We want to add the condition 
that 6^^'*^^(z, w) be bi-holomorphic in w, to obtain a local weighted bianalytic Bergman kernel 
mod(m~'^). If we write 

^(2) _ ^|2(^^^0)2 + 4m^^^^ _ 2m^. _ ^^^^ 

n n n 

so that the kernel M2,,n in l|7.2.4|l may be written as 

(7.7.3) M2,„,(z, w) = bP)(z, w) e2"'C(^'"'), 

then the relation ^7.7.2} may be expressed in condensed form: 



{7.7A) 



= [VM5,„gVX] 



(k) 



Here, 6'^^ ~ tw^Gq + m6j + 62 + ... is the asymptotic expansion with abschnitt 6^^'*^ This now 
puts us in a position to apply Proposition I7.2[ which says that (|7.7.4|l holds for some X if and 
only if 



(7.7.5) 



[5(2) 



,(2) 



Ak) 



e M,_„,5I, and S' 



.(2) 



Ak) 



Also, Remark [73] tells us how to recover the corresponding abschnitt of X: 

^ r6(2)-B(2)-.^W 



(7.7.6) 



X<'^^2> ^ (2m)-2 S-iNS 



This formula is valuable when we need to estimate the contribution from the bi-negligible 
amplitude using l|7.4.2t . 

It remains to see how (17.7.51 helps us determine the asymptotic expansion 6^2). A first remark 
is that it no longer will be enough to determine 6^^\z, zv) along the diagonal z = if, as functions 
which are biharmonic in each of the variables (z, w) need not be imiquely determined by their 
diagonal restrictions (e.g., consider the function ziu - zzD). 
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Before we carry on to analyze the relations M.7.5\ further, we recall the Taylor expansions 
< |6.2.2t , (|6.2.3t , and (|6.2.4| |, and rewrite H6.2.3t in the form 

(7.7.7) du,e = didMiz, w)[l + Y jr^Aw - 
It follows from (|6.2.4t and (|7.7.7|l that 

(7.7.8) ^ - - ^ ^ e M,_j„9ii. 

(9;„0 2 52,9;„Q(z, w) 

A more refined version of | |7.7.8t is 

5»0 1 dlQ{z,w) fl <9^Q(z,i(;) 1 [#Q(z,i(;)][(925„,n(z,zf)]i , 



We now return to the corrective algorithm, which takes the criteria i7.7.5) as its starting point. 
We express b^^' in terms of the differential operators dm and dg, using that deiv - l/dz„d: 

7.7.10 y- = M^^^JbP)] = + 2 - a' ^0 — . 

dw6 n dgw n n dgw 

We first rewrite the criteria (I7.7.5I I in the more appropriate form 

(7.7.11) {SM^^,J6(2) - b(2)]}^'^ e M,_,„5R2 and jS'lVI^^.^IS^) - b^)]}^'^ e M,_,„9?2. 

In view of the asymptotic expansion for 6'^' (see l|7.7.1t ) and the definition | |6.5.3t of the operator 
S, it follows that 

(k) ''"^^ 2"' 

(7.7.12) {SMa,a,[6<'>]| = Yj E —(^MMs,,,6j_, 

;=0 1=0 

We would also like to calculate the corresponding expression involving the operator S' in place 
of S (see ( 17.5. It ). In a first step, we get that 

and, in a second step, we obtain (since M^„a, - M^^^) 

(7.7.13) js'Ma,a,[6(2']f'^ = jSM^,,„S-iNSM^,,,[6P)]}^'^ 

= Z Z E n'(r :)'(/3 - . ), (^^"^^)'^"^^M,,,(^.^e)^--^-N(^.^e)"M,,.,6^_,^. 

We also need to calculate the corresponding expressions for b'^^ First, we find that (see | |7.7.10t ) 



(7.7.14) jSM,,,,[BP)]j^'^ = {s 



4ot2|z-w;F Am 2m,. 1 ll^*"^ 

+ (z - iv)de^-T 



71 dev^ n n dgiv 
Am Am^ |z - rop {2mf~i 



Am 4m" |z - V (^wO^^.j ^ w-i / 1 , ^ 3 |z-n;P l 

= 5-^ > , — 7. {dudey \]{z - io)d0^-^ + dz„de -. _ , 
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and, consequently, 

(7.7.15) jNSM,,,jB(^)]f^^ = -i^^ 



where we interpret the term for = is the natural fashion. By expansion of the operators 
involved, it is clear that, formally, 

j=o 1=0 



which we apply to (|7.7.15t : 



fc+l / 12 



(7.7.16) [S'Ms^Ab'^''' = jSM,,„S-iNSM,,,[BP)]f'^ = E(2'«)'"^ E Z HTT^^ 



'2-'l 



j=0 (2=0 ii=0 



We may now apply the criterion l|7.7.11|l for each power of m separately. The first part of the 
criterion, which involves S, says (for = 0) 

4 Iz — 

(7.7.17) - '—^ + Ms^^,6l e M,_,„9l2, 

Tl OgZV 

and (for j = 1) 

4 2 12 |z - zfp 1 

(7.7.18) - - + -(z - i(>)ae— + -.9^^e _ + M^.^^S^ + -d.^gMa^.-.Gl e M^-^„^2, 

n n dgw n dgiv a i ^ " " 

while (for; = 2, 3, 4,...) 

(7.7.19) |-^(^,„^e)i-i{y(z - *)<?e^ + ^-^e^^^} + E ^(^»<?e)'Ma,ff,6^_, e M,_,„9?2. 

As for the second part of the criterion l|7. 7.1111 , which involves S', it says that (use | |7.7.13t and 
llZZ31)for/ = 0,l,2,..., 

ij=0 (2=0 /i=0 ^'^ ^ '^''^ ^ 

22-/ A (-l)'2-'i 

+ \ \ \ / 



77 E E 



: (^„^0)''Ma„,5(^„,^9)'-'>N{(; - z2)(^,„^e)'"'^"'M,_rA^ + (^z.^e)'-'^^^^} e M,_,,5;2. 
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For j = 0, the condition i7.7.20\ reads 



(7.7.21) 

and for 7 = 1, 



z - wy 



(7.7.22) Ma,a,NM5„,j,6^ + h-,,deM3^-j,NMs^-a6l - lMjU,,dgNM3^-a6- 



1 2 



z - W\' 



71 



_ dgZV 

z-w\ 



z - W\' 



2-, 2, 



+ -Ma,,jN 

71 



(Z-Zi')^g3i^ 



As the function 1 /deiv is in 3?i, we may rewrite l|7.7.21t in the form 

" 4 |z - wf- 



(7.7.23) N 
and we may reorganize (|7.7.22t : 



(7.7.24) NM^^^^e^ + M-^lJ-JgM3^,,N 



2 Iz - w\' 



_2 " 71 dew 



n 



2 Iz - a; 



2 " " 71 e'ew; 



|2i 



+ -N 

71 



^Ma^,562 + -— 

2 " 71 deiv 



deiv 



In terms of the usual commutator LA,BJ := AB - BA, we may express l|7.7.24|l as 



(7.7.25) N 



2 Iz - w\' 



. + -(2-^)^03-^ 

n dgw ) n 71 deW 



2 Iz - wV 



71 deiv 



7.8. The local asymptotics for the weighted bianalytic Bergman kernel: the corrective al- 
gorithm II. Here, we show how to combine the given criteria involving S and S' in a single 
criterion for 6^, which we explain for j = Q,1. 

We first observe first that (|7.7.17t and | |7.7.23t may be united in a single condition: 



(7.8.1) 



4 Iz - 



e m2 ^3l2. 



n deiv 

Second, we observe that | |7.7.18l l and | |7.7.25t may be united in a single condition too: 



(7.8.2) Ma,^6f + d,,de[-M3^,X + " 



1 



2 |z - w\' 



1 



- i - + -{z - i-v)de^-T 
n deiv I 71 n deiv 



-ii->-> ifl 7 2 \z — IV 

+ M,-,M-3l^[^^v^eM^,^u\N[-M^^,X + ""^ 



2n 



Similar but more complicated statements apply for j = 2, 3, 4, . . . as well. Finally, we observe 
that by Lemma 17.41 the condition | |7.8.1t determines 6p uniquely, and as a consequence, the 
condition (17.8. 2t determines 6^ uniquely. Although in principle we are now set to obtain the 
concrete expressions for 6^, the computation is quite messy. For this reason, we show below 
how to proceed. 
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7.9. The local asymptotics for the weighted bianalytic Bergman kernel: the corrective algo- 
rithm III. We continue the analysis of the corrective algorithm, with the aim to obtain concrete 
expressions for 6^, for j = 0, 1, 2. To simplify the notation, we shall at times write 

(7.9.1) A(z, w) = Aq(z, w) := d,d,„Q{z, w), 

and sometimes we abbreviate A = A{z,iu). The function A{z,w) has the interpretation of the 
polarization of A Q, which defines in a natural fashion a Riemannian metric wherever Z\ Q > 
(see, e.g., [2]). 

We recall that l/deiv = di„d, and observe that 

(7.9.2) de^ = [d,M-'dld =^^=3-. log(<5,„0), 
and that by (|6.2.3|l , 

(7.9.3) = |z - wf'd-^d = y ^-rrrizv - z){w - z)'^'d':'d-M{z, w) 
dew -^(z + 1)! 

+ 00 



1=0 

By l|7.7.7t combined with Taylor expansion, we see that 

(7.9.4, iog(...a) = iog(.AOfe »■)) . g g — - } , 

so that in view of l |7.9.2t , using standard coset notation, 
1 - 1 - 

(7.9.5) ^ ^'^^ 2^^*^ ~ "'^ 

From the expansion | |7.9.3| |, we get that 

Iz - w?- 1 

(7.9.6) ' ■ _' e |z - m;|2A(z, w) + -|z - z<;|2(m; - z)d^A{z, w) + Mf_.^3?2, 

6'gZi' 2 

Next, we put 

(7.9.7) &l{z,w) := --|z - z(;|2[A(z, li;)]^ = -i|z - ri;|2[^,5„,Q(z,i(;)]2, 

TT 71 

which is biholomorphic in each of the variables (z, 3)). We quickly check that the condition 
< |7.8.1t is met. By Lemma [7 .4[ this is the only possible choice of 6^. A more precise calculation 
shows that 

4 Iz — lol'^ 4 

(7.9.8) M3^^6l + -4-^ + -(z - w)\z - w\%A{z, zv) e MU„m2, 
from which we may conclude that 



(7.9.9) N 
and that 



1a* r-2 2\Z-Wf 



+ -|z - w\-'d^A{z,w) e Mf_9?2, 
n 



4 Iz — w\'^ 4 

(7.9.10) d,MM3^,X + -^-^ + -{z-w)\z-iv\%A{z,w)\ e M^^^^Rj. 

' 71 C/eZf 71 ' 
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If we recall (16.5. Il l and < |7.7.8t , we see that 

(7.9.11) dedt„[{z - iv)\z - w\^dzA{z,w)^ = -^djdu, - j^5iu]{{z - iv)\z - w\^dzA{z,w)^ 

e ^5 J - 2|z - wl^dAiz, 10)] + Ml,„^, = 2(z - z.)^^^ - 2|z - zv\^ ^^'^ fM ^ ^2^ ^^_ 
d,„e ' ^ a{z,w) A{z,w) 

By combining this calculation with | |7.9.10t , we see that 

^A/i ^2 2|z-w;h 4 (9zA(z,z(;) 4 ^d:,d^\{z,w) . 



(7.9.12) dgdJ -M5,,,62 + -4-^ + -(z - r^) t/ ' / - -|z - " ^ ' ^ e m2_.^„9{2. 

12 " 71 J 71 A(z,z(;) 7t A(z,ty) 

In view of H7.9.5t , H7.9.12t , we see that (|7.8.2t taken modulo M^-Ji2 (see H7.7.18t ) gives 

6? 4 2^. .^ 3,,A(z,r^) 
71 71 A(z,z(;) 

which suggests that we should look for 6^ of the form 

4 2 - 2 

(7.9.13) 6?(z,zi;) := — A(z,a;) (z - a;)5,„A(z, w) H — (z - iy)(9zA(z, zf) + |z - zfpHi(z,zf), 

71 71 71 

where Hi(z, w) is holomorphic in (z, w). We find that 

,^„,,, ^2 4 2^. d^A{z,w) 4^ ,<9zA(z,z<;) 

(7.9.14) M,,,6, . ^ e - - -(z - -)^(^ - - z)^^ 

- 1|Z - ,,|2 [^^A(Z Z.)][^ A(Z.Z.)] ^ 1^ _ ^^|2 Si(z^ ^ 

71 [A(z, w)Y A(z, zf) 

As we add up the relations (|7.9.5t , H7.9.12| |, and H7.9.14t , the result is 

r 1 2 Iz - z«P 14 2 1 

(7.9.15) Ma,,,6? +,9e,9,„{-Ma,,j,62 + -^^) " - + -(2-^»)^e^ 

4 2 _ <9a,A(z,zf) 4 <9zA(z,z<;) 1 2['^z'^(Z/ii')][^ioA(z,zi^)] 

e (z — zf) ^ iw — z) ^ |z — w\ ^ ■ — 

n n A(z,zf) 7i A(z,zf) 7i [A(z, zy)]^ 

2^1(2:/^) 4 d:,A(z,w) 4 2d:,d,„A(z,w) 4 

+ 1^ " ^ " ^^^1 r + " ^1 — Ti — ^ 

A(z,w) n A{z,w) n A(z, zf) 71 

2 - 1 - 

+ -(z - zi'){5j„ log A(z, w) + -{w- z)dzdu, log A(z, w)] + M2_„,9l2, 

which we simplify to 

(•1 2 Iz - z«P 14 2 1 

(7.9.16) M,,.,6? + a.^e{2M.,.6g + -^^j -- + -(.- z.)^^^ 

e|z-z.K^^4^ + ^UML,5l2. 
1 71 A(z,z(;) \{z,w) ) 

We want to implement this information into (|7.8.2t . Then we need the commutator calculation 
(7-9.17) \^^,^e,M^,w\ = M^_^^2^, + M^2,,a,„ + M^,,,^,^^^, 
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which together with (|7.9.9t leads to 

^9 2\z-ivf 
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(7.9.18) M-^lX^ed-a„M3,fa\N 



71 dew 



^ 2 _^ [d,A{z,w)][d,A{z,w)] ^ 

e — (z - w) j— -f^ + M2_^„3?2. 

TT [A(Z, IU)Y 



Putting < |7.9.16t and (|7.9.18t together, we find that 



(7.9.19) Ms^,,6i + d,M -Ma,,,6^ + 



2 |z - w\- 



2 ^ n dgw 



4 2.. 1 
- + -(z-zy)^e^— 

71 7T C^gZf 

^2 2|z-ri;i2i 



e z - ix^ { — 



2(3 (9z5i„A(z,z(;) Hi(z,a;) 2 [(92A(z, w)][^j„A(z,h;)]1 . « 



lTt A(z,zf) A(z, w) n 
By Lemma [731 we may conclude from (|7.9.19|l that 



[A(z,ii;)]2 



(7.9.20) 

In conclusion, we obtain that 6j has the form 



3 . ^ ^ 2 [,9,A(z,z(;)][3,,A(z,k;)] 

i(z,h;) = — (?z(9,„A(z, m;) + . 

n n A(z, w) 



4 2 - 2 

(7.9.21) 6, (z, h;) = — A(z, w) (z - z7;)(9j„A(z, if) H — (z - zy)(92A(z, iv) 

n n 71 



3, i2;i 5 w ^ 2, 2[<9zA(z,a;)][5i„A(z,a;)] 
— |z - iv\ dzOmA{z,w) H — |z - a;r 

71 " 



A(z, zi") 

We have also obtained an explicit expression for the third term 6^, but we omit the rather long 
computation. The result is 

2 - 1 - 1 

(7.9.22) 6l{z, w) = —dzdii, log A + —{w - z)dzd^ log A + — (z - w)dldj„ log A + |z - M;pS2(z, w), 

where 

(7.9.23) ^2(2, W) = - rrr:; ttt:^ + 



271 [A]2 



271 



[A]3 



27t [A]2 



1 [-^zApI^A] ^ 17 ldMd,„A? _ 2_d^ ^ 3 [dld^A]ld^A] 



n [Ap 471 [Ap 



371 A 



271 



[A]2 



1 {dlA]{d,„Af 1 [<92A][52 A] 



71 [A]3 



37T [A]2 



Remark 7.6. The formula for 6^ is given by (17.9. 7t , the formula for 6^ is given by | |7.9.21t , while 
52 is expressed by l|7.9.22t . 

8. A PRIORI DIAGONAL ESTIMATES OF WEIGHTED BeRGMAN KERNELS 

8.1. Estimation of point evaluations for local weighted Bergman spaces. The spaces PA^„, 
considered in this paper involve the weight e~2"'Q, where (locally at least) Q is subharmonic 
and smooth. The estimates we derived in Section |4] for q = 2 do not apply immediately, 
as the weights considered there had rather the converse property of being exponentials of 
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subharmonic functions. Nevertheless, this difficulty is easy to overcome. Compare with, e.g., 
||2] for the analytic case. 

Proposition 8.1. Let u be bianalytic in the disk D(zo, bm~^^^), where 6 is a positive real parameter and 
m>\. Suppose Q is C^'^-smooth in D(zo, 6) and subharmonic in D(zo, 6), with 

A := essup,gj5(,^ j)Z\Q(z) < +oo. 

We then have the estimate 

|„(zo)|2 < -^(1 + 6A2) e^^^'e^-Q^^") f lupe-^^QdA. 

^0 JD(zo,6m-i/2) 

Proof. Without loss of generality, we may assume that Zq = 0. For 4 € D, we put 

^l>,n{^) ■- AS^I^p - mQ{bm-^l^i) and m,„(4) := u{bm-^l^i). 
It is immediate that 

(8.1.1) - mQ{bm-^l^^) < < Ab" - mQ{bm-^l^^), 
and we may also check that 

(8.1.2) 0<A\p„^{^) = Ab^-b^{AQ){bm-^l^^)<Ab'^, ^eT>. 
so that i/'ff, is subharmonic, and we obtain that 

(8.1.3) > G{A4>„m = - r log \E.\^Ail>„,{^)dA{^) > Ab" f log \E.\^dA{i) > -Ab". 
Next, since i/* is subharmonic with finite Riesz mass, we may apply Proposition 14.41 

(8.1.4) |M(0)pe-2"'Qfo) = |M„,(0)pe2"^"'fo' < ^[l + 6\G[A^„,](0f] £ luJe^'^-'AA 

<-{l + 6A^b^) f |M,„|V^'"dA< -(l+6A264)e2^^' f |M(6m-i/24)|V2'*""^)dA(5) 

= ^^l+eA^b')e^'' f |M(z)|V2'"«^)dA(z), 

JD(0,6m-i/2) 

and the claim follows. Note that we used the estimates (18.1. It and | |8.1.2| |. The proof is 
complete. □ 

We can also estimate the (9-derivative: 
Proposition 8.2. Suppose we are in the setting ofProposition \8.1\ We then have the estimate 

|^„(zo)|2<i^e^*'e2'"Q(^°) r |M|V2'«QdA. 

^0 JD(zo,6m-i/2) 

Proof. The argument is analogous to that of the proof of Proposition 18. li except that it is based 
on Proposition |42] o 
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8.2. Estimation of the weighted Bergman kernel on the diagonal. We recall that PA2 „, is the 
weighted bianalytic Bergman space on the domain O in C, supplied with the weight e~^"''3. 
The associated reproducing kernel is written K2^„,. 

Corollary 8.3. Suppose that zq e Q is such that D(zo, 6) <s CI for some positive 6. Suppose moreover 
that Q is C^'^ -smooth and subharmonic in Q, with 

A ■- essup^,j,(^^ ,)ZlQ(z) < +00. 

For m>\, we then have the estimate 

K2,,„(zo,zo) < ^(1 +6A2)e2^^^e»°). 



Proof. This is a rather immediate consequence of Proposition 18.11 as it is well-known that 
K2,m{zQ, zo) equals the square of the norm of the point evaluation functional at zq. □ 

9. Bergman kernels: from local to global 

9.1. Purpose of the section. In this section we show how the approximate local Bergman 
kernels actually provide asymptotics for the weighted bianalytic Bergman kernel K2,m pointwise 
near the diagonal. 

9.2. The basic pointwise estimate. We let the potential Q, the point zq, the radius r, and the 
cut-off function Xo be as in Subsections l6.1l and l6.3[ with the additional requirement mentioned 
in Subsection 17.21 In particular, we have that D(zo, r) (s Q. We begin with a local weighted 
bianalytic Bergman kernel mod(m~'^~^), 

where 

(9.2.1) S^^''^^ := m^6l + wi5^ + ■ • ■ + m-''^^6l^^ 

is a finite asymptotic expansion (here, it is assumed that z,w e D{zq, r) for the expression to 
make sense). The "coefficients" 6j are biholomorphic separately in (z, w) in D(zo, r) x D(zo, r), 
and in principle they can be obtained from the criteria ^7.7.5} , but that is easy to say and hard 
to do. The first two "coefficients" were derived in Subsection |7.9[ and the formula for the third 
"coefficient" was mentioned as well. Let us write 12]^ for the integral operator 

^ilim- f f{zv)Kfl{z,zv)xo{iv)e-^'"0^'"^dA{w). 
Jo 

We quickly check that 



(9.2.2) P2,mK,(-, ZV)Xo]{z) = lfllK2,,n{; 

where we recall that P2,m stands for the orthogonal projection L^(0,e~^'"Q) P^2m' ^^'i ^2,m 
is as before the weighted bianalytic Bergman kernel on Q with weig ht e-2'"Q. We would like 
to show that Kfl^ and X2, m are close pointwise. By | |9.2.2| | and the triangle inequality, we have 
that 

(9.2.3) \K2,,n{z,iv) - Kfl{z,w)xo{z)\ < |X2,™(z(;,z) - lf^JX2,™(-,z)](z(;)| 



+ 



\Kfl{z,w)Xo{z) - F2,,n[Kfl{;iv)Xo]{z)\. 
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9.3. Analysis of the first term in the pointwise estimate. In the sequel, k is a fixed nonegative 
integer. To estimate the first term on the right-hand side of | |9.2.3t , we use that Kf'^^^ is a local 
reproducing kernel mod(m~*^), which is expressed by (|7.7.4t . Before we go into that, we observe 
that if u is biharmonic in D(zo, r), then 

(9.3.1) 4m[M](z)= r M(i(;)xo(K')6<'''^>(z,ry)e2"'Q(^'«''-2'«Q(«')dA(K;) 

Jo 

+ r u{iv)xo{w)[Ms_^_gVMs_^_gVX^''^^'>Y''\z, w) e2'"Qfe^'')-2'«Q(™)dA(a;), 
Jq 

for z e D(zo, ^r), where X^'^"^^) jg given by i7.7.6\ , and 6^2,*>(2, a;) is determined uniquely by 
the criteria l|7.7.5|l together with the requirement that 6^-^''^\z,iv) should be bianalytic in each 
of the variables (z, iv), as worked out in Subsections 17.71 [7.81 and 17.91 We rewrite | |9.3.1t in the 
following form: 

(9.3.2) lfl[u]{z)= [ w(ro)A:o(w)Bp^(z,a;)e2'«Q(^'"''-2'"Q(»')dA(ri;) 

+ f M(l(^)A:o(a^)[M5_^^0VM5_^gVX<*-^2>]g2mQ(z,a;)-2mQ(z«)^(j^^ 

Jo 

- m-'' f u{w)xQ{io){Yk + m-^Zk) e2'«Qfe"')-2'"Q(«')dA(ii;), 
Jo 

where Yj^, Z;^ are the expressions 
and 

Zk := Mg^^gdeMg^^^^gdeXk+i. 

Here, we recall that X^'^"'"^^ = I^y^g ^''^j is a finite asymptotic expansion (or abschnitt). If we use 
(|6.2.1t to estimate the last term on the right-hand side of l|9.3.2|l , and combine with Proposition 
Oand (l7A2t . (l773ll (just write X<'^+2> pj^^g 

(9.3.3) lfl,lu]{z) = u{z) + 0(r-ie"'Q(^)-^°'«||w|L{r||<5,„X<'^^2>||^^^^^^^^^^^^^^ 

+ [1 + l|X<'^"^>IL»(D(z„,f + '«^'ll<5u,0|lL»(D(zo,i,-n]| + m-'-ie"-Q('^\\u\\,nm + ?«-'Zi-|lL»(D(zo,|.n), 

for z e D(zo, ^r), where the implied constant is absolute. Given our standing assumptions, 
all the involved norms are finite. If we accept an implied constant which may depend on the 
triple (Q, zq, r), then we can compress (|9.3.3t to 

(9.3.4) ltm["Kz) = u{z) + 0(m-*-5e'«Q(^)||M||„,), z e D(zo, ir), 
for m > 1 . By a duality argument, l|9.3.4t implies that 

(9.3.5) ||P2,„[K<*^(-,z)xo] - K2,,n{;4i = 0(m-*4e'"QW), z e D(zo, ir). 
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If we apply this estimate | |9.3.4t to the function u(z) - X2,m(z, iv) (not the dummy variable w 
used in the above integrals!), we find that (for m > 1) 

(9.3.6) lfl,lK2,„,{; m.z) = K2,„,{z, IV) + 0(m-'^-5e'«Q(^)X2,,„(zi;, iv)^'^) 

= K2j„{z, zo) + 0(ffi-'^e'«Q<")+"'Q(''')), z e D(zo, ir), 

where again the implied constant depends on the triple (Q, zq, r). Note that in the first step, 
we used that ||-K2,m(-/^i')llm - ^2,mi'^,w), and in the last step the estimate of Corollary 18.31 (with 
Zq replaced by z and with e.g. 6 - |r). If we switch the roles of z and w in | |9.3.6t , so that e.g. 
IV e D(zo, |r) instead, we obtain an effective estimate of the first term on the right-hand side of 
(l9X3t : 

(9.3.7) iZ[K2,,n{; z)m = K2,,n(iv, z) + 0(m-'^e'"Q(^)^'"«"')), w e D(zo, ^r). 

9.4. Analysis of the second term in the pointwise estimate I. We proceed to estimate the 
second term on the right-hand side of 1 19.2. 3| |. We write 

(9.4.1) vo{z) := Kfl{w,z)xo{z) - P2,„,[<i(vi(')Xo](z), 

and realize that v - Vq is the norm minimal solution in L^(Q, e~^"''3) of the partial differential 
equation 

For the (5-equation, there are the classical Hormander L^-estimates ITSl , 11911 , which are based 
on integration by parts and a clever duality argument. Here, luckily we can just iterate 
the Hormander L^-estimates to control the solution to the (9^-equation. We recall that the 
Hormander L^-estimate asserts that there exists a (norm-minimal) solution uq to dug = f with 

r 1 r e~^'t' 

luolV^'^'dA < - l/l'-r-dA, 
Jq 2 Ja A(p 

provided / e L^^^(Q) and the right-hand side integral converges. 

Proposition 9.1. Let Qbe a domain in C and suppose (p : D. ^ 'Ris a -smooth function with both 
A(p > and A(p + jA log Zlt/) > on Q. Assume that f e L^^^(Q). Then there exists a (norm-minimal) 
solution vo to the problem S^vq = f with 

{ \vo?e-^'>< \ [ l/P dA, 

Jo 4j,, [A(p][Acl)+lA log Acp] 

provided that the right-hand side is finite. 

Proof. We apply Hormander 's L^-estimates for the (9-operator with respect to the two weights 
<p and (/) + 5 log zlc^. The details are quite straightforward and left to the reader. □ 

9.5. Digression on Hormander-type estimates and an obstacle problem. We should like to 
apply Proposition 19.11 with (p :- mQ. Then we need the assumptions of the proposition to be 
valid: 

1 

(9.5.1) AQ>0 and ^^j^AlogAQ > -m on Q. 

The latter criterion apparently gets easier to fulfill as m grows. In the analytic case q - 1 only 
the criterion AQ > is needed, and in fact, it can be relaxed rather substantially (see [2J for the 
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polynomial setting). Basically, what happens is that we may sometimes replace the potential 
Q by its subharmonic minorant Q given by 

Q(z) := sup |m(z) : u e Subh(Q), and m < Q on o|, 

where Subh(Q) denotes the cone of subharmonic functions; see Theorem 4.1 [2J for details 
(in the polynomial setting). In principle, the Bergman kernel should be well approximated 
by the local Bergman kernel if Q = Q in a neighborhood of the given point zq. From the 
conceptual point of view, what is important is that for an analytic function /, the expression 
^ log I/I is subharmonic (and in fact in the limit as m grows to infinity we can approximate 
all subharmonic functions with expressions of this type). In our present bianalytic setting, 
^ log I/I need not be subharmonic, but we still suspect that it approximately subharmonic for 
large m. So we expect that | |9.5.1| | can be relaxed to Q = Q near the point zq plus (if needed) 
some suitable replacement of the second (curvature type) criterion of l|9.5.1t . 



9.6. Analysis of the second term in the pointwise estimate II. As we apply Proposition 19. II 
to (p = mQ, the result is the following. 

Proposition 9.2. Let Qbea domain in C and suppose Q : O — > ]R C^-smooth with both AQ> Oon 
Q and 

Assume that f e L^^^(Q). Then there exists a (norm-minimal) solution vq to the problem S^vq = f with 

|z;o|V^'"QdA< ^ / ^ l/l'riT^d^' 
provided that m> k and that the right-hand side is finite. 
We now apply the above proposition with 

/(z) - dl{xomf,n{^,m = 4l,{z,w)5ho{z) + 2[5xo{z)][d.Kfl{z,w)] 

= j6<2''^>(z,ri;)52xo(z) + 2[5xo(z)][5,6<2''^>(z,zi;)])e2'«Q(^'"", 

and calculate that 

|^(2)|e-"'Q(z) < j|^2^o(z)6<2''^>(z,a;)| + 2|<9;co(z).5,„6<2''^>(z,ii;)|}e'"'^^PQ(z,t»)-Q(z)] 

< j|52A-o(z)6<2''^>(z,z<;)| + 2|<5xo(z)<526<2''^>(z,w;)|}e"'Q("''-'5'"", 

where as before 6o = ^''^^o and it is assumed that w e D(zo, |ro). Under the assumptions on Q 
stated in Proposition 19. 2[ we obtain from that proposition (recall the definition of 1 19.4. It ) and 
the above calculation that 

(9.6.1) \\Kfli; w)xo - PiAKfn.i-' ''')Mi„ 

- 2mVV-k)1/2 ^'""'""'°1|I'^'^°II^-(") Il6^''^ll-(o(.o4'f ) + 2PxoIIl,o)Pz6<^''^>IL.(,,„,3,,) 

= o((meo)-ie'"Q(-)-*°'«jr-i||6<2^'^>||,„(e(z„,|.« + ll'3z6<'''^>IL»(o(z„,|.«l), 
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where the implied constant is absolute and zv e D(zo, |''o)/ and we assume that m > 2k. 
If we accept a constant which depends on the triple {Q,ZQ,r), then we can simplify | |9.6.1t 
significantly: 

(9.6.2) ||X<^,(-, zv)xo - P2,,«[<i(-, w)xo]\i = 0(me'»Q(™)-*°"'), 

because the two norms of 6^^'*^ and dzQ^^'''^ grow like O(m^). Finally, we combine this norm 
estimate l|9.6.2|l with control on the point evaluation at z (see Proposition l8.lt : 

(9.6.3) \Kfl^{z, w)xo{z) - PiAKfj; iv)Xo]{z)\ = 0(wi3/2g™Q(z)+,«Qw-6„,«)^ 2, w e D(zo, ir). 

9.7. The pointwise distarice to the weighted Bergmari kernel. Here, we apply the estimates 
(|9.3.7t and < |9. 6.31 1 with the (basic) estimate | |9.2.3| |. As before, the integer k is fixed. 

Theorem 9.3. Let CI be a domain in C and suppose Q : Q ^ ]R z's C'^-smooth with both ZlQ > on Q 
and 

''^=TP2iQ^^°§^<+"'- 

Assume moreover that Q has the properties (A:i)-(A:iv) (see Subsection \6.1\ on the disk D(zo, r) c Q. 
W e fix an integer k > and assume that the approximate local Bergman kernel Kf^J^z,iu) = 6<2,Jr>g2mQ(z,Ki) 
extends to a separately bianaly tic function of the variables (z, zv) in the small bidisk D(zo, r) x D(zo, r). 
Then, for m > max{2K, 1 j, zve have that 

X2,„,(z, w) = Kfliz, zv) + 0(m-'^e"'Q("'-''"2("''), z,zv e D(zo, ^r), 

zvhere the implied constant depends only on the triple (Q, zq, r). 

This means that the approximate kernel ^■^2)11 close to the true kernel X2,m locally near zq. 

Proof of Theorem [93] Since Xq{^) = 1 for z e D(zo, |r), the assertion follows from (|9.3.7t and 
1 19.6. 3t once we observe that exponential decay is faster than power decay. □ 

Proof of Theorem |5J] We express 6^^'°^ = m^5g + m6j using the formulae obtained for 6^ for 
; = 0,1 (seeRemarklZl). Wealsousethat2ReQ(z,ro)-Q(z(;)-Q(z) = -\w-z\^AQ{z)+0{\z-zu\^). 
The assertion follows after a number of tedious computations based on Taylor's formula. □ 



Remark 9.4. We have already obtained explicitly for k <1 and the assumptions made on 
I are clearly fulfilled 

values of k as well. 



^2]n ^ theorem are clearly fulfilled then. We believe that they are fulfilled for all other 



10. BlANALYTIC EXTENSIONS OF BeRGMAn's METRICS AND ASYMPTOTIC ANALYSIS 

10.1. Purpose of the section. In this section, we apply the asymptotic formulae obtained in 
Sections |7](see especially Remark |7.6t and|9]to form asymptotic expressions for Bergman's first 
and second metric (see Section |3) in the context of &; = e~^'"'3. We will generally assume that 
the assumptions of Theorem 19.31 are fulfilled, so that the local analysis of Section [7] gives the 
global weighted bianalytic Bergman kernel with high precision. 
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10.2. Bergman's first metric. Our starting point is the abschnitt S^^ *^^ with k = 0: 

(10.2.1) 5<2'0> = n?6l + otS^ = - — |z - w\\\{z,w)f + m\-\{z,w) - -(2 - w)d^„\{z,w) 

+ -(Z - w)d2A{z,w) Z - lvY-d2d-a,\{z,w) + — Z - TO p ^ \, 

n n n A{z,w) ] 

where we used the formulae (|7.9.7t and l|7.9.21t , and recall the notational convention A(z, w) 
dzdji,Q{z, w). The lift of the abschnitt is easily obtained by inspection of 1 110.2. It : 

(10.2.2) E»2[6<2'°>](z,z';iy,z(;') = (z - w'){z' - w)[A{z,iv)f 

n 

f4 2 . . - 2 

+ m{ — A(z, w) (z' - ri;)5,„A(z, w) H — (z - w')dz/\{z, w) 

I 71 71 71 

3^ -\2 5 M ^ , 2. ,w., _ {d:,A{z,w)]{d^A{z,w)]\ 
(z - TO )(z - w)dzdi„Mz, w) + — (z - iv )(z - IV) — ^ >, 

7T 71 A(Z, W) J 

The double diagonal restriction to z = if and z' - w' is then (since A(z, z) = AQ(z)) 

(10.2.3) E82[6™J(z, z'; z, z') = — 12 " 2'PI/1Q(2)1' + >n{-^lQ(2) + - Re[(2 - z'jdAQiz)] 

n n ^Q(z) > 



As Xf^(z, w) = 5<2''^>(z, ii,)e2"'Qfe"'), it follows that 

(10.2.4) E«2[<i](z,z';z,2') = e»)E«2[6<2'''>](z,z';z,z'). 



We conclude that 



(10.2.5) e-2'«Q(^)E«2[4^,](z,z + e;z,z + e) = E«2[6<2'0>](z,z + e;z,z + e) 



4'«^_,2^.^._^^2 , ..J 4 , 4^_,_^,^,_,, , 3, ,2^2^._^ 2 , ,2 |<9Z1 Q(z) 



6\'lAQiz)Y + m -zlQ(z) - - Re[6dAQ{z)] + -|e|M^Q(z) 



n 1 71 71 71 7j 4Q(z) 

Next, we rescale the parameter e to fit the typical local size m"^^^: 

Then, in view of (110. 2. 5t , 

(10.2.7) e-2'«Q(^)E«2[4™](z,z + e;z,z + e) = —(2 + k'|2)4Q(z) + 0{m"^). 

A,m Ji- 
lt is possible to extend the assertion of Theorem 19.31 to the lift E|g,2[i<C2,m] in place of the kernel 
itself; this requires a nontrivial argument. Basically, what is needed is to know that the 
expressions dzK2^m{z, lo), dwK2^m(z, w), and dzdji,K2jn{z, w) are all suitably approximated by the 
corresponding expression where the kernel K2,m (z, w) is replaced by the approximate kernel 
K^^lii^fiv). We should say some words on how this may be achieved. First, we observe that 
< |9.3.6t and | |9.6.2| | say that the three functions 
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are all close to one another in L^(Q, e"^'"^) for iv e D(2o, ^r). Furthermore, the associated error 
terms may be written out explicitly, and it is possible to check that the ^jy-derivatives of the 
above three kernels remain close to one another. In particular, 

^"'^^i^' ^)A''o and d-aXiA'''^") 
are close to one another for zv e D(zo, |r): 

\\du,lKfl{; w)xo - K2,n{; ML = 0(m-'^-2e'"Q(""), w e D(zo, if). 
Next, we observe that 



the analogue of | |9. 2.31 1 then reads 

(10.2.8) \d,d,,K2,„,{z,iv) - d,d,„Kfl,{z,w)\ < \{d,K2,rn{;z),d,,[Kfl,{;zv)xo - K2,,n{;^)])J 

+ \d,F^Jd,,Kfl{;zv)xo]{zi 

for z,zv e D(zo, |r). Here, I - P2,m is the projection onto the orthogonal complement. 

It is clear how to handle the first term on the right-hand side of l |10.2.8t by using the above- 
mentioned estimate combined with Proposition IS . 2| (which lets us to control ||^z^^^2,m(v z)||m). The 
last term is easily controlled by applying | |9.6.2t together with Proposition 18. 2[ as the function 

n,Jd.vKfl{;Zv)xo] 
is bianalytic in D(zo, |r) (for fixed zv). In conclusion, | |10.2.8t leads to 

3,d,vK2,M, ^) = dAoK'^liz, w) + 0(m-'^e'«Q(^)^'"Q("')), z, zv e D(zo, ir), 

as desired. The remaining approximate identities - for dzK2^m{z, zv) and d-a,K2^m{z, zv) - are more 
straightforward, and therefore left to the reader. 

It then follows that in the context of Theorem l9.3[ we have from l|10.2.5|l that 

(10.2.9) e-2'«Q(^'E«2[K2,,„](z,z + e;z,z + e) = —(2 + \ef)AQ{z) + 0{m^l^), 

n 

for z e D(zo, \r), and Bergman's first metric, suitably rescaled, becomes asymptotically (with 



CO = e 



ds® (z)^ \A |2 

(^^■'■^^^ 7^^) = -""''''E«2[X2,,„](z,z+e;z,z+.)^^i^ = jn-(2 + |.f )+0(;«-/^)||dz|^; 

cf. I l3.3.4t . In matrix form (see 1 13.3. St ), this corresponds to a diagonal matrix with entries 21 n 
and I/tt. Since Q is a rather general potential, this is a sort of universality. 



10.3. Bergman's second metric. Given that Theorem 19.31 extends to apply to the lifted kernel, 
we see from H10.2.3I I and H10.2.4t that 



(10.3.1) L(z,z') = logE«2[K2,,„](z,z';z,z') = 2mQ(z) + log ^'"^Q^^) 



TT 

+ log 1 1 + m|z - z'\^AQ{z) + Re[(z - z')<?logZlQ(z)] + |z - z''^ 



3A^Q{z) \dAQ{z) 



V AAQ{z) 2[AQ{z)f\ 

+ 0{m-^l^). 
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Applying the Laplacian Zlz to 1 110.3. It , we should expect to obtain 



(10.3.2) 



AzL{z,z') = 2mAQ{z) + 



[1 +ot|z-z'|MQ(z)]2 
provided that |z - z'| = 0{m~^^-^) is assumed. Applying instead Az' results in 



(10.3.3) 



Az'L(z,z') = 



[1 + m|z-z'|MQ(z)]2 

provided that |z - z'| = 0{m~^^-^). If instead of the Laplacian we apply dzdz>, we should get that 



(10.3.4) 



..jf '^ m2(z-z')2[AQ(z)]2 
dzdz'L{z,z ) = ■ + 0{m"^), 



[1 + m|z-z'|2z\Q(z)]2 

again provided |z - z'| = 0(7W"^^2^ Wg conclude that Bergman's second metric 1 13.4. 2t , suitably 



rescaled, should be asymptotically given by (with 



0) = e 



-2im 



Q) 



(10.3.5) 



ds? (Z)2 

2mAQ{z) 



1 + 



|dz|2 + 2Re 



W] 



n2 



Ll(2 + |e'|2)2 



(2 + |e'|2)2 

where z' = z + e and e' is the rescaled parameter in accordance with | |10.2.6t . provided 
|z - z'l = 0(m"^^2) As Q is a rather general potential, this appearance of the metric 



1 + 



(2 + |e'|2)2 



|dz|2 + 2Re 



(2 + |e'|2)2 



(dz)^ 



in the limit may be interpreted as a kind of universality. 
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